
Duration

Bjørn Eraker

Wisconsin School of Business

January 3, 2015

Bjørn Eraker Duration



Bond Prices and Yields

Consider a 2.625% coupon bond with maturity 3/15/2009.
Suppose the bond is selling at with settlement 9/23/2008 at
a price 100.534 implying a yield (to maturity) of 1.634%.
We are interested in what would happen to the value of this
bond if interest rates change.
Suppose the ytm changes from 1.634 to 1.734 (a 10 basis
point change). What is the impact on the price?
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The price at y = 1.734 is 100.487 - a -0.047 dollar change.
Let 4P and 4y denote the change in the price and ytm,
respectively.
We have 4P = −0.047 given 4y = 0.1. The relative change is

4P
4y

=
−0.047

0.1
= −0.47

(the number is -0.4724 computed to four digits)
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Let’s see what happens if y changes by only 5 basis points.
Then the new price is 100.510 and

4P = 100.510− 100.534 = −0.024.

The relative change is

4P
4y

=
−0.024

0.05
= −0.4725

Note that this number is close to the relative change when
4y = 0.1.
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Lets try even smaller 4y ’s: We get

y(new) P 4P 4y 4P/4y

1.634001 100.534 0.000 1E-06 -0.4726
1.635 100.534 0.000 0.001 -0.4726
1.644 100.529 -0.005 0.01 -0.4726

Note that as we change y very little, the ratio 4P/4y
approaches the number -0.4726.
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This number is the derivative of the price as a function of the
ytm at the point y = 1.634. The derivative is denoted

dP
dy

We have found
dP
dy

= −0.4726

at y = 1.634.
It is easy to demonstrate that a different price/ yield
combination will imply a different derivative. For example if
y = 5.634 then dP/dy = −0.4592.
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DV01

The risk measure “DV01” measures the sensitivity of a bond’s
price to a 0.01 change in the "interest rate," typically measured
by the ytm of the bond.
DV01 gives the approximate absolute change in the value of
the bond price in response to a 1 basis point change in the
yield divided by 100,

DV01 = −4P
4y

with 4y = 0.01.
I.e, a change from 5% to 5.01%.
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Dollar duration

The dollar duration of a bond is by definition

D$ = −
dP
dy

(1)

where importantly y is the YTM measured in percent.

In our example D$ is just 0.4726.
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To compute the dollar duration or DV01 in excel, we need a
theoretical price (as function of YTM). The function "bondValue"
in VB is included in the sheet "ytmBadDates2015.xlsm"

The arguments to "bondvalue" are
coupon
settlement date (excel date)
expiration date (excel date)
discount rate
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When computed with discount rate = YTM, the value should by
definition be equal to the market price.
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Figure : Calling "bondValue" in "ytmBadDatesXXXX"
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We can now compute the DV01 or dollar duration numerically
by increasing the YTM by one basis point and dividing by 0.01
(multiply by 100):

In the excel spreadsheet we do this by calling "bondvalue"
again using a single basis point higher YTM, take the
difference, and divide by 0.01 (see next page)

Here we have the baseline bond value in column L. Then we
call the "bondValue" again with a higher YTM. The result is in
column P.
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Figure : Numerical dollar duration compuation "ytmBadDatesXXXX"
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Figure : YA for the May 41 maturity
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Compared to Bloomberg

The "Risk" number in BB is the dollar duration/ DV01.

BB gives 22.742
We got 22.72
If we compute it using 4Y = 0.001 we get 22.748

There are also slight differences in the way BB computes the
present value vs. our spreadsheet.
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A little calculus...

Remember that the value of the treasury with semi-annual
coupons is

P =
n∑

i=1

Ci

(1 + y/2)
2ti
365

. (2)

(equation 4 in the "bondBasics" lecture).

We want to compute the derivative

dP
dy

analytically.
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We get

dP
dy

=
n∑

i=1

d
dy

Ci(1 + y/2)−
2ti
365 (3)

= −1
2

n∑
i=1

2ti
365

Ci(1 + y/2)−
2ti
365−1 (4)

= − 1
(1 + y/2)

n∑
i=1

ti
365

Ci

(1 + y/2)−
2ti
365

(5)

= − 1
(1 + y/2)

n∑
i=1

ta
i PVi (6)

Bjørn Eraker Duration



where

ta
i = ti/365 (7)

is the time to cash-flow i in years, and

PVi =
Ci

(1 + y/2)−
2ti
365

(8)

is the present value of cash flow i .
Note that we can compute the dollar duration directly in VB if
we please using equations (6) - (8).
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VB implementation

Function dollarDuration(cpn, settle, expiration, y)
nD = 182.5
n = WorksheetFunction.CoupNum(settle, expiration, 2)
firstCPNd = WorksheetFunction.CoupNcd(settle, expiration, 2)
s = firstCPNd - settle
D = cpn / 2 * (1 + y / 2) ^ (-s / nD) * (s / nD)
i = 1
Do While i < n

nextCPNd = nCPNdate(firstCPNd, i)
s = nextCPNd - settle
D = D + cpn / 2 * (1 + y / 2) ^ (-s / nD) * (s / nD)
i = i + 1

Loop
D = D + 100 * (1 + y / 2) ^ (-s / nD) * (s / nD)
dollarDuration = 0.5* D * 100 / (1 + y / 2)

End Function
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Scaling

When calling the function in excel we get 227,420.

What’s wrong?

The number is obviously scaled by 10,000 relative to the
previous “correct" number of 22.74.

What happened?
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Remember that we defined dollar duration to be the derivative
wrt YTM measured in PERCENT. Equation (2) is a present
value formula in which of course the discount rate is measured
as a decimal number.

We thus need to scale the duration by 10000 to get the two
numerical computation to agree. We do this by adding the code

dollarDuration = dollarDuration / 10000

to the end of the VB function.
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Modified Duration

Define $D to be the Dollar Duration. The Modified Duration is
defined

DM =
$D
P

(9)

in most textbooks. P is the price of the bond.

It’s easy to verify that dividing the dollar duration ("RISK") for
the 4.75 May 41 Treasury note gives the wrong number. Using
the BB numbers we get

22.742
133.25

= 0.1707

which is obviously scaled by 1/100.
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So the correct formula, given our definition of dollar duration, is

DM = $D
100
P

(10)

which gives 17.067.
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Macauley Duration

is defined
D = (1 + y/2)DM (11)

Using the BB numbers again we get

D = 17.067× (1 + 0.026458/2) = 17.293
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Hedging

Suppose we have some position in a bond (or portfolio of
bonds). For the sake of argument, suppose we guy 1M face
value of the Nov 41, 4 3/8 maturity.

We wish to take a second position to offset potential interest
rate moves. We can accomplish this by selling short a certain
amount of a different bond. Let’s consider the May 41 maturity.

On the next two pages you find the Bloomberg YA screen for
these two bonds on Dec 31st, 2014.
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Figure : YA for the May 41 maturity on Dec 31st, 2014
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Figure : YA for the Nov 41 maturity on Dec 31st, 2014
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A naive hedge

Let’s just sell short 1M worth of face of the Nov maturity to see
what happens.
We see that

We pay $1,332,519 on Dec 31st for 1M face of the May
maturity.
We receive $1,083,674 in cash for shorting the Nov
maturity.

Now let’s see what happened to our position on Jan 2d, 2015:
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Figure : YA for the May 41 maturity on Jan 2d, 2015
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Figure : YA for the Nov 41 maturity on Jan 2d, 2015
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We now unload the position at market prices. We get
1,347,569 for the May maturity
We pay 1,096,746 to cover the short on the Nov maturity

In total we gained $1,347,569 - $1,332,519 = 15,050 on the
long position and -1,096,746 + 1,083,674 = -13,072 on the
short.

The hedge almost works and we get a gain of about 2K. This
ideally should be zero. Let’s see if we can do better....
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Hedging with Dollar Duration

What messed up our hedge is that the DV01 on 1M of the May
is higher than the DV01 on the Nov. (2,307 vs 1,995).

Meanwhile, the YTM on the two bonds went from 2.646 to 2.581
(down 6.5 BP) and 2.706 to 2.643 (down 6.3 BP), respectively.
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Let Fa and Fb denote the face amount of each bond.
The following is the amount of face of a we need to hedge Fb:

Fa =
−FbDV01b

DV01a
(12)

So in our example,

Fa = −1M
2274
1995

= −1.1398M (13)
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By doing 1.1398 M of face of the Nov maturity we get a capital
gain of

−1.1398× (1,096,746− 1,083,674) = −14,900.

Remember that the gain on the May maturity was 15,050 so
wet are off by only $150.

Moral of the story: The duration hedge works (almost perfectly).
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When duration hedging does not work...

Consider the BB screens that follow on the next two pages.

Notice that for the 30 year bonds, the yields went down about
6-7 BP.

For the 1-2 year notes, yields did not change...
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Figure : 1-2 year notes on Jan 2, 2015
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Figure : 30 year notes on Jan 2, 2015
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This tells you that if we had tried to hedge the position in the
May 41 with a position in any of the 1-2 year bonds, the hedge
would have been useless.

This is so because the short end of the yield curve did not
move. Only the long end did.
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Consequently:
Duration is a useful measure of risk only if you believe that
the yield curve shifts in parallel all the time (not true)
To hedge a single bond position, you need a bond (or other
instrument) with very similar characteristics (i.e, maturity).
I.e, you need "apples to hedge apples"
It is rather useless to think of duration as representing an
accurate measure of interest rate risk. Generally, the short
end of the curve moves around a lot more than the long
end, meaning that duration overstates the risk of
long-maturity bonds relative to short maturity bonds,
Even if two portfolios have the same duration, they may
exhibit different interest rate sensitivity
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Key Rate Duration

The idea behind key rate duration is that, as we have seen,
different segments of the yield curve will move around
independently.

Key Rate Duration seeks to measure the sensitivity of a
portfolio with respect to a local shift in the yield curve. This is
most often done by measuring the sensitivity of a bond with
respect to a change in a local segment of the zero-coupon yield
curve.

Check out this youtube video for a stylized simpilied example:
https://www.youtube.com/watch?v=nQ4nbF0rfUA
Note that what he refers to as the spot rate curve is the
zero-coupon yield curve (continuously compounding).
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Some more math...

Let’s try to understand (mathematically) why duration hedging
work

The relationship between the dollar duration, the change in the
yield, and the change in the bond price can be expressed
approximately as

4P ≈ −$D4y (14)

We can think of 4P as representing the change in the (dirty)
bond price from day t to t + 1.

Suppose we have a portfolio with ni number of bond i (so n100
is the face amount of bond i). The portfolio value is

V =
∑

niPi (15)
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We then have that the change in the portfolio value is

dV =
∑

i

ni4Pi = −
∑

i

$Didyi (16)

To derive the hedging formula (12), assume that the yield on
bond a change by as much as the yield on bond b
(dya = dyb = dy ). We need

0 = na$Dady + nb$Dbdy

which gives

na = −nb
$Db

$Da
(17)

or equation (12).
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Convexity

Equation (14) is an example of a First Order Taylor expansion.
You can guess that there exists a second (and third, and.... )
Taylor expansion which is more accurate:

4P ≈ dP
dy
4y +

1
2

d2P
dy2 4y2 (18)

where d2P
dy2 is the second order derivative of the price wrt the

YTM.

The convexity of a bond is usually defined as

C =
1
P

d2P
dy2 (19)
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Note that since the second order derivative is the same as the
derivative of the first order derivative, we can think about
convexity as measuring how much the durations change as the
yield changes.

The convexities of the May and Nov 41 Notes are stated on the
BB YA screens to be 3.826 and 4.331 respectively.

Let’s consider constructing a convexity neutral portfolio. We
need to solve

0 = naCa + nbCb (20)

in addition to the equation for the duration neutrality.

We now have two equations but only one unknown, nb, which
we will therefore not be able to solve. We would need one
additional bond to construct a convexity and duration neutral
portfolio.
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