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Abstract

We develop a tractable equilibrium pricing model to explain observed characteristics in equity
returns, VIX futures, S&P 500 options, and VIX options data based on affine jump-diffusive state
dynamics and representative agents endowed with Duffie-Epstein recursive preferences. A specific
model aimed at capturing VIX options prices and other asset market data is shown to successfully
replicate the salient features of consumption, dividends, and asset market data, including the first
two moments of VIX futures returns, the average implied volatilities in SPX and VIX options,
and first and higher-order moments of VIX options returns. We document a time variation in the
shape of VIX option implied volatility and a time-varying hedging relationship between VIX and

SPX options which our model both captures.
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1 Introduction

Since their introduction in 2006, options on the VIX index have become the second most traded
contracts on the CBOE, surpassed only by S&P 500 (SPX) options.! The trading volume in VIX
calls is about twice that of puts, reflecting a demand for speculative bets on, or hedges against,
market turmoil in the form of high volatility. In this respect, VIX calls inherit some of the charac-
teristics of out-of-the-money SPX put options, but with some important differences. We investigate
the differences in the pricing of SPX and VIX options in this paper with a primary view towards
understanding the factors that drive differences in the pricing of these two types of catastrophe

insurance contracts.

VIX options prices display interesting features that differ markedly from SPX. For example,
while implied Black-Scholes volatility is always a convex function of strike for SPX options, we
document that the shape varies from concave in normal times to convex in high volatility periods for
VIX options. VIX options’ implied volatilities decrease monotonically with maturity and generally

increase in the strike. The opposite is true for SPX.

The main objective of this paper is to try to understand these price characteristics from the
viewpoint of an equilibrium model. To this end, we derive a cutting-edge equilibrium model that
reproduces salient features of VIX futures and options, SPX returns, SPX options, and consumption
and dividend data. The model features a representative agent with Duffie-Epstein recursive utility
preferences who faces an endowment process with time-varying volatility (o¢) and jumping volatility
to volatility with time-varying intensity (A¢). The exogenous shocks to consumption and its higher-
order moments drive asset prices. Specifically, the aggregative stock market value obtains as the
present value of a levered claim to consumption with unpriced risks, as in Bansal and Yaron (2004).
In equilibrium, shocks that lead to higher uncertainty lower stock market valuations, as to generate
a higher conditional expected rate of return. This volatility-feedback effect endogenizes the negative
contemporaneous return-volatility correlation (sometimes referred to as the leverage effect) that is
observed to be very strong in the data. The model also endogenizes the stock market volatility
itself, and by extension, the forward-looking expected stock market volatility. Since the VIX index
is interpretable as a conditional risk-neutral 30-day forward-looking estimate of market volatility,
the model is interpretable as an equilibrium model of VIX. We use the property of the conditional

cumulant generating function for log stock price to obtain an explicit expression for equilibrium VIX,

!The Option Clearing Corporation cleared a total of 1.5 Trillion SPX trades vs. 29 Billion VIX trades year-to-date as
of November 2020. See https://www.theocc.com/Market-Data/Market-Data-Reports/Volume-and-Open-Interest/
Monthly-Weekly-Volume-Statistics



and then apply a novel Fourier-type payoff transform analysis to derive a semi-closed form (up to a

single integral) formula for the value of VIX options.

While there are countless studies of equity options market data, relatively fewer papers study VIX
options. Mencia and Sentana (2013) use a panel of VIX futures and options to fit a no-arbitrage based
time-series model. Lin and Chang (2009) conduct a horse race between extant reduced-form models
and conclude that jumps in volatility help explain VIX options data. Park (2015) uses SPX and VIX
options information to predict market returns (SPX), VIX futures returns, SPX and VIX options
returns. Huang, Schlag, Shaliastovich, and Thimme (2019) derive a diffusion-based no-arbitrage
model to explain negative delta-hedged VIX options returns. Both papers conclude that volatility
of volatility risk is priced with a negative market risk price. Bakshi, Madan, and Panayotov (2015)
derive a two-period model to price VIX options, attributing heterogeneity in beliefs to empirical
evidence suggesting that both high and low volatility states carry high risk premia. Park (2016)
specifies a reduced form model for VIX directly in order to price derivatives. This paper, to our
knowledge, is the first to consider pricing of VIX options, SPX options, the equity premium, the
variance risk premium, risk free rates while maintaining the discipline imposed by a consumption

based, fully fledged equilibrium framework.

We start our analysis by first seeking to understand some basic properties of ex-ante pricing
information in VIX options, including the patterns of implied Black-76 volatility surfaces. Among
the interesting features of implied volatility data are the facts that they imply a severely right skewed
risk-neutral distribution of VIX “returns.” The right skewed distribution contrasts equity return
distributions which tend to be negatively skewed, as with the SPX. The VIX returns distribution
is much more heavily skewed to the right than SPX returns are skewed to the left. Unlike equity
options, VIX options display a downward sloping term structure: longer term VIX options have lower
implied Black volatility than do short maturity ones. This persuasive feature persists irrespective
of strikes and market conditions (i.e., high or low VIX). We show that this feature is related to
mean-reversion in VIX and lack thereof in the distributional assumptions underlying (Black-76)
implied volatility computation. Additionally, the shock to implied volatility of volatility (VVIX) is
positively but imperfectly correlated with the level of VIX itself, suggesting that VIX option prices
contain a component independent of VIX. This actually rules out single-factor conditional variance
representations such as the models in Heston (1993), Bates (1996), and Eraker (2004). VIX options
prices and implied volatilities can only move independently of VIX if there is a separate pricing factor
that drives VIX options valuations. In fact, the essence of our two-factor model is to capture the

independent moves in VIX options prices.



A second element of our descriptive empirical evidence is a look at ez-post realized VIX options
returns. Huang, Schlag, Shaliastovich, and Thimme (2019) find that delta-hedged VIX options
returns are statistically significantly negative on average. Their interpretation is that after controlling
for directional volatility risk, volatility-of-volatility risk is priced. We compute average rates of return
on VIX calls and find them to be significantly negative. The average returns on puts are mostly
statistically significantly positive. A long call position gives the buyer a positive volatility exposure.
We can think of the underlying for the options as being the VIX futures and thus, since VIX futures
yield average rates of return that are in the -30% to -40% range per annum (see Eraker and Wu

(2017)), calls (puts) should have negative (positive) expected return. Our analysis confirms this.

[Figure 1 about here.]

Both VIX calls and SPX puts constitute crash insurance. During a short window of about 20
days in March 2020, the S&P 500 index fell almost 30% from its high in January of the same year.
Intraday VIX peaked at more than 80. Figure 1 shows the holding period returns to an investor who
were to buy and hold the respective option contracts over the height of the Covid-19 crisis period.
There are some interesting features of the data. For SPX, option prices rose throughout March and
dramatically on March 16 and 18, days in which the SPX index dropped 12% and 5.18%, respectively.
A fortuitous investor who bought the farthest OTM SPX put with strike 1600 in the beginning of
March would have had more than a 200 fold increase in value if she had sold out on either one of
these days. Note that over this particular sample window, the returns are monotonically decreasing
in strikes, so the 1600 strike put had the highest return, although this, as well as the other low-strike
SPX puts eventually expired worthless. Investors in VIX options fared even better than SPX. The
price of a 70 strike VIX call increased 400 fold from March 2 until March 18, although this option

would also expire worthless.

Figure 1 also suggests that the correlation between SPX and VIX options is high, but imperfect.
In particular, while prices of SPX puts peaked twice on March 16th and 18th, VIX calls showed a
much larger spike on the 18th. We find that VIX calls correlate even less with SPX puts during
calm market periods. Foreshadowing our model’s implications, SPX options are impacted by cash
flow shocks that do not impact VIX options. The cash flow component is more important than the
discount rate component in driving SPX options during periods of low market volatility and vice
versa during periods of high market volatility. The presence of cash flow shocks breaks the correlation

between SPX and VIX options, particularly during low and normal volatility periods.



We analyze the factor structure of VIX call and SPX put returns. The results suggest that there
is one distinct common factor that drives about 80% of variation across the two markets. We dub

?

a second factor “SPX skew,” a third “extreme tail,” and a fourth a pure “VIX” factor. We also
study the relationship between the crash insurance offered by OTM SPX puts and OTM VIX calls
through reduced form regressions. Specifically, we study the extent to which SPX options can be
hedged with a delta hedge (SPY), a position in VIX futures, as well as positions in VIX calls. We
find that during calm market periods, VIX calls do not correlate substantially with SPX puts, and
thus, do not improve on hedging performance. By contrast, during turbulent periods, VIX calls
substantially reduce hedging errors. We compare these empirical results to results obtained through
simulating data from our model and find that the model replicates these results. To understand these
relationships better, we link SPX and VIX options returns to exogenous shocks to state variables
in our model. In low VIX regimes, we find that both VIX and SPX options respond linearly to
shocks. The variance decompositions show that higher-order polynomials of the innovations in the
state variables, which proxy for convexity, are important for explaining option returns during high

VIX periods. This explains how VIX options can be useful for hedging SPX positions (or vice versa)

in periods of market distress.

Our model matches a number of observed moments of macro quantities and asset prices, starting
with the first two moments of aggregate consumption and dividend growth, interest rates, and stock
returns. It matches the consumption and dividend growth and interest rate data up to negligible
differences, matches both physical and risk-neutral equity market volatility, and generates an equity
premium and a variance risk premium both close to those seen in the data. Our model replicates
the first two moments of VIX futures ex-post returns with reasonable precision. It also accurately
captures the SPX option implied volatility curves. It further matches various-order moments of VIX
option ex-post return distributions, including mean, variance, skewness, and kurtosis. It matches
implied VIX volatility in several dimensions: the average ATM implied VIX volatility (i.e., VVIX) is
almost matched identically; the average implied volatility surface over maturity and strike is similar
to what we observe: it is concavely, vastly skewed to the right (as would be consistent with an
extremely right-skewed underlying VIX distribution), and it has a sharply downward-sloping term
structure. Remarkably, our model also reproduces the change of the implied volatility curve (as a
function of the strike) from concave during low and average VIX periods to convex during market
stress periods. We argue this unique model implication is related to the flexibility afforded by our

two factor model.



To derive our model, we first develop a general framework for pricing assets under recursive Duffie-
Epstein preferences with IES set to one under the assumption that state variables follow affine jump
diffusions, as in Duffie, Pan, and Singleton (2000). The model builds on Duffie and Epstein (1992),
Duffie and Lions (1992), and Duffie and Skiadas (1994), shares similarities with the models of Eraker
and Shaliastovich (2008), Benzoni, Collin-Dufresne, and Goldstein (2011), and Tsai and Wachter
(2018), but has a clear marginal contribution that it is an endowment-based equilibrium model
with (i) clearly stated affine state variable dynamics and (ii) precisely characterized equilibrium
value function, risk-free rate, prices of risks, and risk-neutral state dynamics. We prove our state-
price density is a precise IES — 1 limit of that approximately solved in Eraker and Shaliastovich
(2008). The recursive preference assumption implies that higher-order conditional moments of the
economic fundamental, such as its growth volatility and volatility-of-volatility, are explicitly priced
in equilibrium. Since VIX derivatives depend on these factors, this in turn implies that the former

carry non-zero risk premia.

The rest of the paper is organized as follows. Section 2 and 3 describes our sample of VIX options
and presents reduced-form evidence, respectively. Section 4 presents our equilibrium model of VIX
option pricing. Section 5 presents results from our model calibration exercise, and Section 6 sum-
marizes our findings. The online appendix contains our general theory as well as model derivations

and extensions.

2 Data

The sample was collected from the CBOE? and consists of data sampled at the one-minute interval
over the period from January 2006 until June 2020. The data set consists of best bids, best asks,
bid/ask quantities, and open high/low in addition to contract characteristics over the one-minute
intervals. The fact that the data are time-stamped down to the minute interval mitigates the problem

of non-synchronous quotes that are often problematic in end-of-day data.

VIX options and futures are cash-settled to a special VIX computation with ticker code VRO.
VRO is computed from prices of constituent SPX options that are compiled through a special auction
that is held pre-market on the VIX expiration day, typically the third or fourth Wednesday of the
month. This contrasts the VIX itself, which is computed from midpoints. While in theory, VRO
should differ little from the open value of the VIX on the settlement day, in practice, it may. Griffin

2See https://datashop.cboe.com for details.



and Shams (2018) suggest that the market is prone to manipulation since OTM SPX options can be
traded cheaply while having a comparably large impact on VRO.

Some remarks regarding the relationship between VIX futures and options are in order. VIX
futures market prices have no direct effect on VIX options - both are settled to VRO. However, the
fact that the underlying VIX index is not a marketable asset has implications for both futures prices
and options. The most important impact on the prices of futures contracts is they do not adhere to
a standard futures-spot no-arbitrage parity condition. For example, for a stock index value S, a 7

period futures price Fy(7) will satisfy
Fy(r) = Selr—0T=1) (1)

where r and ¢ are the continuously compounding risk free rate and dividend yield, respectively. This

implies that Fi(7) and S; do not deviate by a substantial amount.

For VIX futures with long maturities, however, the deviation between spot VIX and VIX futures
prices can be very large. Mechanically, this happens because there is no way to arbitrage the
deviations. Fundamentally, futures prices should incorporate market participants’ expectations of
mean reversion in VIX. Prices can also reflect a risk premium. Whaley (2013) and Eraker and Wu

(2017) present evidence suggesting that expected returns on VIX futures are substantially negative.

VIX options do not satisfy Put-Call parity with respect to the underlying VIX index. They do,

however, satisfy a version of Put-Call parity that includes the same-maturity futures, namely
Ci = P+ (F; — K)e 7T (2)

where C; and P; are respectively prices of calls and puts with strike K and T maturity, and F; a T
maturity futures price. Keeping in mind that mean reversion will imply that F} is below spot VIX
when spot VIX is high (and vice versa), an ATM option (K = F;) will have a strike that is below
spot VIX when spot VIX is high, and above spot VIX when spot VIX is low. The fact that the
underlying asset of a VIX option contract is a same-maturity VIX futures contract implies that we

should apply Black (1976)’s pricing formula to compute implied volatilities.



3 Exploratory Data Analysis

3.1 Option Implied Volatilities

To characterize the pricing of VIX options we first study Implied Volatilities. Figure 2 plots implied
volatility for VIX options on two different days. On November 12, 2008, the VIX was high at 65.48
and on April 26, 2017 the VIX was low at 10.78. These days are typical of what we observe in
high and low VIX states in our sample. There are a number of features of the data that are worth

commenting on.
[Figure 2 about here.]

First, in both cases, for a given strike, the implied volatility is greater for short-maturity options.
That is, the term structure of implied volatility is downward sloping irrespective of the level of
VIX. To understand why this happens, it is important to remember that Black-76 assumes that the
underlying is a random walk. If a time series follows a random walk, its forecasted variance increases
linearly with the forecast horizon. The downward-sloping term structure we observe in VIX options
implied volatility, therefore, is evidence that the market does not think that VIX variance increases

proportionally with the forecast horizon.

Second, the shapes of the implied volatility functions are mostly convex in the high-VIX case,
especially at the left end of the strike, though they are mildly concave to the right in the high-
VIX/short-maturity case, seen in the red six-day maturity case in the top graph. In the low-VIX
case, however, the implied volatility functions are uniformly forming a concave frown rather than

the usual convex smile seen in equity options data, including the SPX.

Third, and perhaps most surprising, if we compare maturities in the 70 to 90 day range with
relatively high strikes (say 40), we see that they were in some sense more expensive in the 2017 low
volatility state than they were in the 2008 high volatility state. For example, both 69 and 97-day
maturities in the 40-50 strike range were trading at implied volatilities below 100% in November of
2008. On the other hand, 83-day maturity 40-50 strike range options traded at above 100% implied

volatilities in 2017. Our model successfully replicates all three main characteristics, as shown later.

[Table 1 about here.]



Table 1 left panel shows the average VIX implied volatility surface over strike and maturity,
which should largely inherit the characteristics of implied volatility surface in the low-VIX case
which occupies a vast majority of the time. As seen, the two predominant patterns for the low-VIX
case discussed above are visually evident: the term structure is sharply downward sloping and the
volatility surface is increasing and concave in the strike levels. In particular, the fact that implied
volatility keeps increasing in strike even for very high strike ranges indicates an extremely right-

skewed underlying VIX distribution that cannot be rationalized without jumps.

[Figure 3 about here.]

Figure 3 shows the relationship between VIX level, as measured by one-month futures prices, and
ATM VIX option implied volatility. The color coding shows data by year. As seen in the plot, there
is generally a positive relationship, and the unconditional correlation is 0.48. However, the strength
of the relation between the futures level and the implied VIX volatility is time-varying. By running
a regression year-by-year, we find that the slope coefficients vary from a low of 0.01 in 2009 to 0.1 in
2014. This is not to be interpreted as a causal relation: we do not believe that vol-of-vol, as measured
by ATM VIX volatility, varies deterministically over the calendar. Rather, the evidence suggests that
vol-of-vol, and thereby VIX ATM implied, is related to some persistent factor that is imperfectly
correlated with volatility itself. In our structural model, therefore, we specify a structure in which
aggregate consumption growth volatility, o, is driven by exogenous shocks with two components.
The first is a regular CIR-style diffusion term. Second, aggregate volatility is also discontinuous, with
jumps arriving at a rate A; - an independent self-exciting diffusion process. In equilibrium, both VIX
and vol-of-vol are non-linear functions of o; and A;. This modeling specification allows us to match
not only the positive yet imperfect, time-varying correlation between vol-level and vol-of-vol seen in

Figure 3, but also the implied volatility surface presented in Figure 2 and Table 1.

3.2 Option Returns

3.2.1 Descriptive Evidence

[Table 2 about here.]

[Table 3 about here.]



Much like traditional asset pricing research, recent developments in option research emphasize
risk premia associated with factors-shocks. Coval and Shumway (2001) show that average returns
to SPX options are statistically significantly negative. Their paper shows that even delta-neutral
straddles that are immune to tail-risk experience large negative returns. Bondarenko (2003) reports
Sharpe ratios of -0.38 and -3.93 for 4% and 6% OTM SPX puts, respectively, while Eraker (2012)
finds Sharpe ratios of about -0.5 for ATM straddles. It is well known that implied volatility exceeds
realized volatility by some considerable amount (e.g., Jackwerth and Rubenstein (1996), Bollerslev,

Tauchen, and Zhou (2009) among others), which is interpreted as a volatility risk premium.

Table 2 presents summary statistics on returns to VIX options positions using data from January
2006 until June 2020 - a period covering both the 2008 financial crisis and the Covid-19 crash in
March 2020. For comparison, Table 3 reports corresponding statistics from the SPX options markets
over the same period. Both tables report buy-and-hold returns. The results suggest that VIX calls
have negative average rates of return over the sample period. Moreover, the bootstrapped confidence
intervals indicate that the returns are statistically significantly negative at a one-sided 5% sized test.
This is similar to SPX put options which also lose something between 69% and 29% on average.
Like VIX options, OTM SPX returns are statistically significantly negative at the 5% level using a

one-sided test.

Long VIX put positions give negative exposure to VIX. In accordance with the negative risk pre-
mium associated with VIX futures positions, one might expect that VIX puts earn positive premiums,
and they do: Table 2 shows that short maturity puts on average have statistically significantly posi-
tive rates of return. Longer maturity VIX puts yield close to zero average returns. The fact that VIX
puts yield positive short-term and zero long-term average returns is consistent with extant evidence
on average rates of return on variance swaps and VIX futures. Our findings are consistent with
those of Eraker and Wu (2017), and Dew-Becker, Giglio, Le, and Rodriguez (2017) who document a

sharply downward-sloping term structure of risk premia for variance claims.

[Figure 4 about here.]

Figure 1 suggests that the pre Covid-19 prices of VIX options were cheaper than those of SPX
options. In the following we seek to add to this anecdotal evidence by presenting a more detailed
analysis of returns to the respective option classes over a longer period that includes the 2008 financial

crisis as well as the Covid-19 crisis.
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Figure 4 presents visual evidence on the performance of option investments in VIX calls and OTM
SPX puts. These are not values of self-financing portfolios, as we would typically look at for bond and
stock investments. The reason we cannot compute the value of self-financing portfolios is that the
majority of OTM options expire worthless. The natural way to overcome this for portfolio managers
is to keep only a small fraction of ones’ capital allocated to short or long positions. However, this

approach implies that average returns depend on the arbitrary amount of starting capital.

To overcome this, Figure 4 presents portfolio values of investments that are constantly replen-
ished with cash. Specifically, we assume that one invests a single dollar each month into a target
security based on moneyness and maturity. The graphs show the cumulative P&L on these invest-
ments including minute-to-minute marking-to-market. The figures show periods for which there is a
constant one-dollar per month loss on average. This is true, for example, for the 2012 to mid-2015
time period for all the SPX puts and for six-month maturity VIX calls. This happens as the options
have a near-constant time-decay plus some random, smaller moves due to fluctuations in market

prices.

The graphs also show that the main driver of returns to these constant cash investments is the
payoffs of the options. OTM options pay off during periods of financial turmoil. The Fall of the 2008
financial crisis led to large payoffs for both VIX calls and SPX puts. Figure 4 shows that for both
SPX and VIX options, March 2020 produced the largest payoffs seen in the sample. Short-term VIX
options jumped so much that they temporarily erased the entire cumulative loss of the previous 14
years. Confirming evidence from Figure 1, the payoffs to VIX options holders were larger than for

SPX.

Other periods, such as the European currency crisis periods in 2010 and 2011 also produce positive
option payoffs but to varying degrees depending on the underlying, the strike and maturities. There
are also other noticeable features: for example, on August 24th, 2015, the Dow opened up one
thousand points lower in response to a substantial decline in the Chinese market. This led to an
extreme spike in short-term OTM SPX put options, momentarily wiping out losses of the previous
11 years to buyers of these contracts. Prices quickly reverted and the episode had no impact on
long-term performance. As seen in Figure 4, the impact on VIX options was much less dramatic.
On February 5, 2018, the SPX fell 4.6% while the VIX index more than doubled. The event, dubbed
“volpocalypse” by some VIX market participants, forced the termination or restructuring of several

VIX futures-linked ETFs.
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3.2.2 Principal Component Analysis

To further understand the connection between returns to SPX and VIX options we perform a prin-
cipal component analysis (PCA) of the returns associated with the various maturity and moneyness
categories. PCA and latent Factor Analysis are standard tools to uncover factor structures in returns.
In their classic study, Roll and Ross (1982) applies factor analysis for equity returns, Christoffersen,
Fournier, and Jacobs (2017) and Alex Horenstein and Xiao (2019) analyze factor structures in equity

options, and Johnson (2017) performs PCA on the VIX term structure.

[Figure 5 about here.]

Figure 5 shows factor loadings associated with the first four principal components. The first
factor (dark blue) can be interpreted as a level factor. It loads highly on short-term SPX options
and less on VIX options. However, this factor accounts for 85.5% of the variation in the data and, as
such, is important for VIX options as well. The second (light blue) is a short-term SPX skew factor.
It loads positively on short-term deep OTM SPX options and negatively on short-term near ATM
options. This skew factor accounts for about 5.5% of variation. The third factor (green) can be
interpreted as an extreme tail factor as it loads positively on far OTM SPX options and negatively
on everything else. It accounts for 3.8% of variation. The fourth factor, which accounts for 2.5% of

variation, is essentially a VIX factor, as it loads on VIX as well as far OTM SPX short-term options.

Figure 5 reveals that VIX and SPX options contain some common and some idiosyncratic com-
ponents. In our equilibrium model, first, shocks to consumption variance and variance-of-variance
are common to VIX and SPX, whereas cash-flow shocks are specific to SPX; second, VIX and SPX
endogenously obtain different exposures to these shocks. Both facts allow for an imperfect corre-
lation between payoffs to SPX and VIX options. Our model generates a common factor structure
where the factor coefficients depend on "deep parameters” (e.g., persistence in priced risk factors)

along with preference parameters.

3.3 VIX Options as Hedges For SPX Options

To understand exactly the relationship between SPX and VIX options, consider what it would take
to synthetically recreate an SPX option by dynamically trading in the underlying in addition to

30ther factor structure analyses for individual stock options include Bakshi, Kapadia, and Madan (2003), Bakshi
and Kapadia (2003), Serban, Lehoczky, and Seppi (2008), Duan and Wei (2009), Vasquez (2017) and Brooks, Chance,
and Shafaati (2018) among others. Differently, we apply PCA on different types of options - SPX and VIX options.
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other instruments. From Black and Scholes’ seminal 1973 paper, we know that we can replicate
the option payoff by holding delta number of shares of the SPX index provided the index follows a
geometric Brownian motion.* If we generalize the distributional assumptions of Black and Scholes
to include stochastic volatility, we will have to include an additional hedging instrument to hedge
the SPX option. For example, under Heston’s (1993) model, it can be shown that the introduction
of VIX futures will complete the market such that a dynamically adjusted portfolio of SPX futures
and VIX futures will replicate SPX options. Likewise, model economies with additional risk factors

need more instruments to complete the market.

Let P, = P(t,X;) denote the price of an SPX put option where X; is an N dimensional state
variable. Assuming X; is a continuous time, continuous path process, standard arguments imply

that Ito’s formula describes the dynamics of P,

or . op’
AP = Zodt 4 5o dXe. (3)

where the partial derivatives %—f and g—)lz are functions of ¢t and X; and the option’s strike and
maturity (arguments suppressed). We later make explicit assumptions about the evolution of X

and preferences to derive an explicit formula for P;. Absent any such assumptions we can compute

hedge coefficients through a regression,
dP; = oy + B;dXt + de (4)

where oy and B; are regression coefficients and de; an error term. The regression coefficients 5, are
time-varying as they approximate g—§ which depend on (¢, X;) provided the data used to run the

regression are sampled over a small time interval.
[Figure 6 about here.]

Figure 6 shows the results from regressions
APt'L = a;y + BSFYASPYt + /B'L'\,/;EIX futuresAFt + BiV’tIX optionACt + error; (5)

where AP;; are changes in SPX put options, ASPY; is the change in the SPDR S&P 500 ETF,
AFy is the change in the front month VIX futures contract, and AC; is the change in the value of

4As a matter of practical implementation, a hedger would have to trade the SPX futures or an SPX-linked ETF
such as the SPY.
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a VIX call option index.’ The regressions are run day by day using ten minute price changes from
overlapping data sampled at the one-minute interval. The typical number of observations is 405
minute intervals within a day. To average over sampling noise the figure shows the average slope

coefficient, g1 °PHon — N% SN Z-V;X option ¢, SPX puts with less than 40 days to maturity.

The figure shows the results for 8™ P allowing us to study the ability of OTM VIX calls

to hedge OTM SPX puts. As seen, during periods of market calm, the estimated slope coefficients
are close to zero, and during periods of high volatility, the estimated slope coefficients are positive.
This suggests that during high volatility periods, such as the Great Recession and the COVID-19
crisis periods, VIX options serve as useful hedges for SPX options. Our two-factor model, which
replicates the pattern seen in Figure 6, can be used to shine light on the non-linear relationship

between changes in OTM SPX puts and OTM VIX calls.

4 A Structural Approach to VIX Option Pricing

This section presents our model framework for pricing VIX options, which is a special case of the
general model developed in Appendix A. We first specify a specific economic environment and de-
scribe equilibrium VIX, and then perform a generalized Fourier payoff transform analysis to derive
a pricing formula for VIX options as a single integral. Appendix C derives pricing formulas for VIX

futures and SPX options also as single integrals.

4.1 The Model

Consider an endowment economy with a representative agent who has Duffie and Epstein (1992)

recursive preferences described by

V= B, /too F(Cy, Vi)ds (6)

F(CV) =1 =7)V(nC - In((1 —»)V)), (7)

L—n
where V; represents the continuation value. The parameter (§ is the rate of time preference, v is the

relative risk aversion, and IES is implicitly set at one. Consumption, dividends, and in the end, asset

5The VIX option index is an equally weighted index of Call midpoint prices that include options that are at least
10% out of the money. It implicitly puts more (less) weight on lower (higher) strikes. The averaging is applied to
mitigate stale quotes.

14



prices and returns are influenced by a key variable, the conditional volatility of consumption growth,
ot, which itself is exposed to both diffusion and jump risks. Specifically, we assume the following

affine structure for the evolutions of state variables X; = [In Cy, 02, \]’

2
dinCy = (p — %t)dt +0dBf (8)
do? = £V (0V — o)dt + oy 0:dB) + EydN; (9)
A = -0 — \)dt + ox/\dB}, (10)

where In C; is the log consumption supply, and o7 is the instantaneous conditional variance of con-
sumption growth. Btc , BtV and Bt)‘ are Brownian motions. The term &, dVy is a jump term where IV,
is a compounded Poisson process with instantaneous arrival intensity A; which itself follows a mean-
reverting diffusion process, and £y is a time-invariantly distributed random variable representing the
jump size with a moment generating function o(-). Motivated by Eraker and Shaliastovich (2008),
Park (2016) and our VIX option data, we assume &y > 0, implying upward jumps in volatility are
emphasized. We assume all three standard Brownian motions Bf, B} and B} and the jump size
&y are mutually independent. Our endowment dynamics abstract from important mechanisms in
leading asset pricing models such as long-run productivity risks and rare disasters that occur to
consumption. Instead, we focus on jumps to consumption growth volatility, which is natural given
our VIX and VIX derivatives pricing concentration. In a nutshell, we pursue the simplest framework

that captures as many aspects of VIX derivatives data as possible.

As Cox, Ingersoll, and Ross (1985) discuss, the solution to (10) has a stationary distribution
provided that x* > 0 and #* > 0. This stationary distribution is Gamma with shape parameter
2k20* /0% and scale parameter o3 /(2k). If 2570} > 02, then the Feller condition (Feller (1951)) is
satisfied, implying a finite density at zero. The stationary distribution of A; is highly right-skewed,
arising from the square root term multiplying the Brownian shock in (10). The square root term
implies that high realizations of A; make the process more volatile, and thus further high realizations
more likely than they would be under a standard AR(1) process. Therefore, the model implies
that there are times when jumps to volatility can occur with high probability, but these times are
themselves rare. For similar reasons, there is a o; term multiplying the Brownian shock in (9), helping

both prevent o7 from falling below zero and correctly replicate the right-skewness in its distribution.
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4.2 State-Price Density

Appendix C shows that the equilibrium value function of the representative agent is given by%

w,
J(Wy, Xy) = 1 t_ exp (a + boo? + bsA) (11)
where

o= ;((1 — )i+ BIn B) + bar" 6V + bg/{’\e’\> (12)

(kY + B) \/(HV +8)2 —opy(v — 1)
by = D) - 2 (13)

Oy Oy

A rp A2 =203 (e(ba) — 1)

by =~ — - . (14)
X X

Assume parameter values are such that bo and b3 are both well defined. Note then that (13) implies
by > 0 if we assume v > 1. (14) then implies b3 > 0 since by definition g(bg) — 1 = E[e®2V — 1] > 0
due to the positivities of both by and &y. Hence, from (11) the value function (marginal utility) is
decreasing (increasing) in both o7 and A;. This means an increase in consumption growth volatility
reduces utility (increases marginal utility) for the representative agent. Similarly, an increase in the
probability of a volatility jump also reduces utility (increases marginal utility) for the representative
agent. Both results are intuitive. Under recursive preferences the marginal utility depends on
consumption as well as the value function, which is explicitly affected by o2 and ;. The agent thus

requires compensation for bearing risks in both o7 and ;.

Appendix C shows the instantaneous risk-free rate is given by

Tt:6+u_70—t27 (15)

5Because the specific model is a special case of our general model, the IES=1 implication that the wealth-consumption
ratio is constant, W;/C; = 1/, is inherited, which contrasts the data slightly. But this is a sacrifice for precise
framework tractability. Importantly, for our purposes, the price-dividend ratio is not constant, as we will show.
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where 3 represents the role of discounting, x4 intertemporal smoothing, and yo? precautionary sav-

ings.” Appendix C also shows that the state-price density is given by

d
T _pydt — AJdBy + (% — 1)dN, — A B[S — 1]dt (16)
Ty—
A= 2(X)'A (17)
Y(Xy) = Diag(crt,avat, U,\\/)Tt) (18)
A= (77 7b2) 7b3),7 (19)

where Diag represents a diagonal matrix. The vector A determines the market prices of risks in the
different components of X; such that innovations to X, ; are positively (negatively/not) priced if and
only if A; > 0 (< 0/ = 0). Therefore, in the present model, log consumption In C; has a positive
market price of risk while consumption growth volatility o7 and volatility jump intensity )\; each
warrants a negative market price of risk. The fact that all three state variables are priced is in sharp
contrast with the CRRA utility model in which only innovations to consumption are priced and VIX

derivatives have zero premia in equilibrium.

Appendix C shows that the evolution of the state variables under the risk-neutral measure

induced by the state-price density is given by

1
dInCy = (i (5 +7)o7)dt + o dBE (20)
do? = kP (0V9 — 62)dt + oyordB) " + €2 - AN (21)
Ay = KNQOM2 — \)dt + o3/ Nd B, (22)
where
/{V’Q = [{V — b20"2/7 I{A’Q = K/>\ — bgog\ (23)
Y4 A
A | /N N 24
KV _ bzg‘% ’ KA — b30/2\ (24)

Equation (20) shows that the drift of consumption growth is adjusted downward by yo? under Q
measure. Equations (21) through (24) show that, for both o7 and )\, the mean reversion becomes

slower and the long-run mean becomes higher under ) measure. Moreover, Appendix C shows that

"Note that r; can become negative when o7 is sufficiently high. A standard arbitrage when real risk-free rate is

negative involves borrowing consumption goods at negative rates, storing them until maturity, and then repaying a
fraction back. This strategy does not work since no physical storage technology is available in the economy. For the
same reason, negative real interest rates are also possible in models such as Bansal and Yaron (2004) (not because of
log-linear approximation errors) and Wachter (2013).
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the jump arrival intensity is magnified under the @@ measure by a percentage p(b2) — 1: A, under P
versus o(b2) s under Q). As analyzed in the general model, the jump size may be adjusted upward or
downward under ) measure, with a moment generating function p(u) under P versus o(u+bz)/o(b2)
under @. In the special case that &y is exponentially distributed, the jump size is adjusted upward

in the sense that its mean is increased under Q. Specifically, let & ~ exp(ue) under P, then

53 ~ exp(l_’:ibQ) under Q.

By now, we have drawn upon all the key results from our general model, which help characterize
the equilibrium value function, risk-free rate, pricing kernel, and risk-neutral dynamics. We next

apply these results to price dividend strips, SPX, VIX, SPX options, and VIX futures and options.

4.3 Equity Price

Let us first price SPX. The continuous-time literature (Abel (1999); Campbell (2003); Wachter
(2013)) specifies the aggregate dividend process, Dy, as leveraged consumption: D; = C’f , so that Dy
does not introduce a new state variable. However, this assumption has two undesirable consequences:
first, ¢ shapes both the exposure of dividend risk to consumption risk and the average growth rate
of dividend relative to consumption; second, consumption and dividend are perfectly correlated. To
address these shortcomings, we follow the long-run risk literature (Bansal and Yaron (2004)) that

models dividend and consumption separately
dIn Dy = ¢dIn C; + ppdt + opdBP, (25)

where ¢ captures stock market leverage, up allows a flexible dividend growth rate, and BtD is a
standard Brownian motion independent of any other random process in the model, thus representing
the idiosyncratic risk in dividend growth.® As a result, the state variable In D; remains redundant:
dBP does not enter the pricing kernel, and In D; does not enter the value function, which one can
confirm by including a fourth state variable In D; in X, solving the model all over again and verifying
that by = 0. We note that the parameter op has dual roles: besides its apparent role to govern the
correlation between consumption and dividend, op also affects dividend growth volatility, SPX return
volatility, and eventually the level and composition of VIX, thus affecting VIX derivatives premia.

Our choice of op in calibration takes care of both aspects.

8The long-run risk literature (Bansal and Yaron (2004)) typically assumes dlnD; = pedt + ¢o:dBE + opdBP,
which is equivalent to our specification (25) with properly chosen pq4, up to a Jensen’s term which is quantitatively
unimportant. We write dividend in the form of (25) for convenience of applying the discounted characteristic function as
defined in (27), a very useful tool in continuous-time models, which requires dividend being log-linear in consumption:

D
D; = Cfe“Dte"DBf .
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Let P(Xy, D) denote the price of the claim to all future aggregate dividends (the dividend claim).
Then no-arbitrage implies that P(X;, D) is obtained as

>~ Q( - [ rydu

P(X,, D)= | E (e Y Dt+7)dr
0

2 (26)

_ opBP+upt /Ooe(ZDJ,-'u,D)TEtQ (e_ ftt+7'7«udu€¢ln0t+7-)d7_’
0

where the risk-neutral expectation in the first line represents the price of a dividend strip paid off
7 periods ahead. To compute the risk-neutral expectation in the second line as well as other no-
arbitrage asset prices such as riskless bond prices and derivatives prices, we follow Duffie, Pan, and
Singleton (2000) and define an important function, the discounted characteristic function of X; under

the risk-neutral measure,
Q?((U,Xt,’f) = EtQ (6_ ftH_T Tudueu’Xt+7—>. (27)

Appendix C shows that Q?( is exponential affine in X; for arbitrary u € C3, and proves the following

proposition.

Proposition 1. The equilibrium price of the dividend claim (i.e., SPX) is

P(X;, Dy) = DiG(02, \t)

[ee] 0.2 ) (28)
= Dt/ e(TD"F#D)T-‘rOL(T)-‘r,BQ(T)O't +ﬂ3(7))\td7_
0

where (a(T), B2(T), B3(T)) solve equations (C.23) through (C.27) in Appendiz C, and G (02, \) is the

price-dividend ratio function.

4.4 Equity Premium

We then discuss the equity premium. No-arbitrage implies the instantaneous equity premium con-

ditional on no jumps occurring in our economy, as shown in Appendix C, is given by

D G 2 A
i+ 25 vy =607 — by oo — by 2ot + NE € (1 - M)}

Pt_ G G G(Utz,)\t) (29)
G(of +&v, M)
— / b2£v _ t Y
UP’tAt + )\tE |:€ (1 G(O‘tQ7 )\t) )]
with
G G
Opt = [¢Ut) éUVUt, ?20)\ V At]/ (30)
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where G and G respectively denotes the partial derivative of G(-,-) with respect to o7 and \;. Four
components arise in order. The first term, y¢o?, represents a standard CRRA risk premium which
arises from the compensation for the diffusion risk in consumption, dBtC . The second component,
—by %0‘2/0,52, captures the compensation for the diffusion risk in volatility, ng/ . Appendix C shows
that B2(7) is negative for all 7 as long as 1 < ¢ < 2y which we assume here and in our calibration,
which immediately implies G; < 0 (i.e., the price-dividend ratio decreases in ¢?). Thus the second
component takes a positive value. The third component, —bg %0/2\)\15, which has a similar interpreta-
tion as the second one, stands for the compensation for the diffusion risk in volatility jump intensity,
dB}. Appendix C shows that given (5(7) is negative, B3(7) is also negative for all 7, which implies
G2 < 0 (i.e., the price-dividend ratio decreases in A;) and thus the third component also takes a
positive value. In contrast, the last term captures the compensation for the jump risk in volatility,
&y dN;. Tt is positive since by > 0, &y > 0 and G < 0. Intuitively, at the times volatility jumps

upward two things happen simultaneously: first, marginal utility jumps upward by a percentage

G(oZ+Ev,At)

equal to e?2¢v; second, the stock price jumps downward by a percentage equal to 1 — G
to

Therefore, investors demand a jump risk premium for holding equity.

The instantaneous equity premium is given by (29) plus the expected percentage change of the

equity price if a jump to volatility occurs. That is to say, the population equity premium in the

Dt_ G(U?+§V7)‘t) -1
Pt7 G(Ut27>\t)

write the analytical expression for the population equity premium as

economy is given by up; + — 7+ plus a negative term: M F { } Finally, we can

G(Ut2 +&v, /\t))}.

. b
rm s - O

(31)

Note that the last term in (31) remains positive, meaning that the positive compensation for jump
risks dominates the direct negative expected effect of jumps on equity return. The above analysis

establishes the following proposition.

Proposition 2. In equilibrium, innovations to o} and \; are both negatively priced; the price-dividend
ratio G(o?, \;) is strictly decreasing in both o? and N\;. Therefore, all sources of risks (diffusion and

jump risks) in a2 and N\¢ help contribute to a positive equity premium.
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4.5 VIX

Having obtained equilibrium SPX, we turn to define VIX. Given our model parameters have an
annual interpretation, VIX, as a measure of risk-neutral 30-day forward-looking market volatility,
can be expressed as”

VIX(X;) = Std? [In Py o). (32)

To express VIX as a function explicitly in state variables, we follow Eraker and Wu (2017) and use
the property of the conditional cumulant generating function for In P 1,15, which requires expressing
In P;11/12 as an affine function in state variables. Define the log price-dividend ratio as g(a?, \) =
InG (02, \). It follows from (25), (28) and a highly accurate log-linear approximation of the price-

dividend ratio G around steady states that!”

In P, = g(02,\) + In Dy (33)
33
~ (g" — gio™ — g3 X*) + giof + gsA + ¢In Cy + ppt + opBY,

where g1 and go respectively denotes the partial derivative of g(-,-) with respect to O‘t2 and )¢, and

letters with asterisks denote relevant functions or variables evaluated at steady states. It follows that
2 Qr x 2 * 1 2
VIX*(Xy) = Vary [91Ut+1/12 + g2Ai41/12 + ¢In Ct+1/12] + 12D (34)

where to compute the conditional variance, we rely on the property of cumulant generating functions.

Appendix C shows that by doing so we can write VIX-squared as a function affine in o7 and ),
VIX?(o}, M) = ay/12 + 01/120%2 + dij12, (35)

where ay/19, ¢1/12 and dy;1o are three positive constants that in equilibrium depend on investors’

preference parameters. For example, all of them are increasing in risk aversion v because VIX, as

9Following the convention in the literature we define VIX? as the risk-neutral variance of 30-day log market return.
The precise definition of VIX? is VIX? = —2(EtQ[ln Pt+1/12:| —In EtQ [Ptﬂ/m}) as shown e.g., in Martin (2011)
Result 5. We show in Appendix D that our results change quantitatively negligibly under the precise definition because
the third and higher-order conditional moments of log equity return are relatively unimportant compared with the
second-order one. We thank an anonymous referee on this point.

00ur such log-linearization is highly accurate for two reasons. First, as in Seo and Wachter (2018), our log-
linearization of the price-dividend ratio is used only after the price-dividend ratio is exactly solved out. This is
different from the Campbell-Shiller log-linear approximation used before solving the model in many asset pricing
papers. Second, as argued in Pohl, Schmedders, and Wilms (2018) and Lorenz, Schmedders, and Schumacher (2020),
a necessary condition for the log-linearization technique generating a nontrivial numerical error is that factors that
impact the price-dividend ratio are extremely persistent. This is not the case in our calibration. As we have verified,
P, is actually indistinguishably different from exponential affine, and numerical errors in VIX calculations (due to
log-linearization of P;) across various states never exceed 1%.
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risk-neutral variance, implicitly incorporates market investors’ attitudes toward risks. The more
market investors are risk-averse, the higher the VIX index. In addition, ay/12, ¢1/12 and dy 12 also
depend on endowment dynamics parameters. For example, the more persistent o7 is, the greater its
impact on SPX volatility and thus VIX, that is, the higher ¢, ;5 is. However, we emphasize that the
dividend-specific risk parameter op only impacts the constant component of VIX, a;/15. Since the
risk is orthogonal to consumption risks and not priced, it affects VIX in a fashion independent of
investors’ attitudes towards risks.'! It follows that in equilibrium, the VIX index has a square root

affine structure

VIX (o7, \) = \/a1/12 + ¢1/120% + dyj12s- (36)

Several observations are noteworthy. First, in the reduced-form literature, VIX typically takes an
affine or exponential affine structure (Mencia and Sentana (2013); Park (2016)) which delivers con-
venience for VIX option pricing. But in our model, VIX has a square root affine structure, which
we handle with a novel generalized Fourier transform in order to price VIX options. Importantly, as
we will explain, the square root structure is essential for replicating the concave VIX option implied
volatility curves seen in the data. Second, as VIX loads positively on state variables o2 and \;, both
of which command a negative market price of risk, so does VIX. This implies that, in principle, an
asset with positive (negative) VIX exposure should earn itself a negative (positive) premium with no
ambiguity, as in the data. Examples include VIX futures and call options (put options), as we will

verify quantitatively.

" Appendix C shows that the differential equations pinning down ¢, s12 and di/12 depend on almost all model
parameters except op. If they depended on op, then the impact of op on ¢1/12 and d; /12 would be y-dependent.
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4.6 VIX Options

Our key focus is a (European) VIX call option which renders its holder the right, but not the
obligation, to obtain the difference between the VIX index at an expiration date t + 7 and a pre-

specified strike K.!? No-arbitrage implies that the price of a VIX call option is given by
. +
CVIX(X,,7,K) = E? [e_ T radu (VIXHT - K) ] (37)

where it follows from (36) that

VIXtJrT = VIX(O‘?+7_, )\tJr-,—) = \/(11/12 + 61/120't2+7_ + d1/12)\t+7—. (38)

The challenge in computing the expectation in (37) is to properly transform the non-standard option
payoff function (\f - K )+, to which end we apply a novel generalized Fourier transform analysis.
Appendix C shows that by doing so we can finally write the VIX call price as

CVIX (X, 1K) = B_iml/mQ?(( —12(0, ¢1 /12, d1j12)'s X, T)

Ercf (K\/TW) d
B m 12, —00 5

(—iz)2

z,  (39)

where the integration is performed on any a strip parallel to the real axis in the complex z plane for
which z; = Im(z) > 0, Q)Q( represents the complex-valued discounted characteristic function defined
in (27), and Ercf(-) is the complex-valued complementary error function with an expression given

in Appendix C.

A similar generalized Fourier transform analysis on the put’s payoff function (K — \/5)+ gives

the VIX put price as

1 12+00

- 4ﬁ 12, —00

1— Ercf(Kv/—iz)

VIX —
P (XhTa K) - (—i2)3/2

dz,
(40)

e 1701 /12 Qg ( —i2(0,¢1/12,d112)"s X, T)

12Note that the standard convergence of futures price to the underlying price as the time to maturity approaches
zero holds regardless of whether the underlying is tradable or not. As a related issue, just as in reality, the VIX
futures-spot parity does not hold in our model. This is because the VIX index is not tradable. That VIX were tradable
is equivalent to the existence of an investment technology allowing the agent to transfer \/al/lg + 01/1203 +dij12M

units of consumption goods at t into \/a1/12 + 01/1203+T + d1/12A¢ 4+ units of consumption goods at ¢ + 7 (for any 7).

Any such intertemporal consumption transfer however is ruled out in the model. A 7 maturity VIX futures at ¢ is

in essence a random consumption strip which pays off \/a1/12 + 61/1203_‘_7 + di/12A¢+- units of consumption goods at

t + 7. The futures price is the equilibrium (time ¢ + 7) price of such a strip. Relatedly, we only consider a VIX futures
option and back out its implied volatility using the Black (1976) formula. On the other hand, we back out implied
volatility for SPX options using the Black and Scholes (1973) formula, since SPX (the dividend claim) is a tradable
asset.
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where the integration is performed on any a strip parallel to the real axis in the complex z plane
for which z; = I'm(z) < 0.13 As the payoff structure we are looking at is not common, we prove
the existence of relevant Fourier transforms in Appendix C. An important contribution of our paper
to the option pricing literature is thus to fully characterize the working of a generalized Fourier
transform argument to price a European call and put option with a square root affine underlying

payoff structure, which no previous papers did to our best knowledge.

5 Quantitative Analysis

In the following, we perform parameter calibration for our model with the target toward replicating

salient features of consumption, dividends, equity, VIX, and VIX derivatives data.

5.1 Calibration

Table 4 displays our choices of model parameters. To facilitate comparison with recent continuous-
time asset pricing models, in our model, time is measured in years, and parameter values should
be interpreted accordingly. A rate of time preference 8 equal to 1% per annum and an expected
consumption growth p equal to 3% per annum together help give rise to a low average real yield
on one-year Treasury Bill of 0.18%, roughly consistent with that documented in Bansal and Yaron
(2004), 0.86%. We set u relatively high to counter the negative effect of a relatively large risk
aversion or a relatively high mean volatility on risk-free rate, since at least one of the latter is
needed to produce large premia on VIX derivatives as those seen in the data. But this results in an
excessively high dividend growth through the stock market leverage parameter ¢, to counter which
we set the adjustment term pup = —2%, finally generating a dividend growth of 5.84% per annum,

close to the data.

We set the value of #, the average annualized consumption growth variance without jumps, to
be 0.0004, which corresponds to a volatility of 2% per annum, consistent with that used in Wachter
(2013). A reasonable range of values for the U.S. consumption growth volatility that most previous
research agrees upon is 1 — 3%. For example, Bansal and Yaron (2004) document a volatility of

2.93% while Wachter (2013) documents a volatility of 1.34%.

13Tn the numerical section, we have used both the Riemann rule and the quadrature rule to approximate the integrals.
They generate the same result. We also have compared the price obtained via integral with that via risk-neutral Monte
Carlo simulation. We found the difference is negligible as long as the VIX option is not “too far OTM,” which applies
to all our reported results.
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Consistent with the literature, stock market leverage ¢ is calibrated at 2.7, a value between that
in Bansal and Yaron (2004), 3, and that in Wachter (2013), 2.6. This value of leverage works well
overall in terms of explaining various market data. Implicitly, the IES, which value constitutes a
source of debate, is set to one for tractability. Plus, a number of studies conclude that the reasonable
values for this parameter should be somehow close to one (e.g., Vissing-Jorgensen (2002); Hansen,

Heaton, and Li (2008); Wachter (2013); Thimme (2017)).

The parameter 6* has the interpretation as the average probability of a jump in consumption
volatility per annum. The parameter is hard to identify from monthly consumption data alone.
However, studies from equity market data, such as Eraker, Johannes, and Polson (2003), suggest
that jumps in equity market return volatility occur 1.5 times per year on average. Starting from
the mean level of volatility, an average-sized jump in volatility increases volatility from 15% to 24%.
Given that jumps in consumption volatility translate one-to-one into jumps in equity price and return
in our model, we are a little more conservative in setting the average jump probability to be once

every other year (#* = 0.5), with each jump having a larger impact on equity volatility.

We choose ¢ such that in equilibrium an average-sized jump in volatility increases steady-state
VIX from 20.9 to 32.6, which is consistent with an average size of jump in VIX, 11.4, computed
from historical VIX data from CBOE during the period 1990-2020.'4 The unconditionally average
consumption growth volatility is equal to the square root of 67 = 6V + *‘j—ﬁk. With 6", e and 6>
fixed, we then set " at 2.5, implying a monthly autocorrelation of 0.8 in VIX, which compares
to 0.84 in the data. Our chosen consumption volatility parameters imply an average consumption
volatility of 3.08%, slightly higher than 2.93% documented in Bansal and Yaron (2004) and higher
than 1.34% in Wachter (2013).

[Table 4 about here.]

To calibrate the other model parameters, notably risk-aversion (), the diffusion parameter of the
volatility (o), the mean reversion of the jump intensity (/@)‘), the diffusion parameter of the jump
intensity (o)), and the dividend growth idiosyncratic volatility (op), we design a coarse Simulated
Methods of Moments procedure. Specifically, we search the parameter space to overall best match
the following six data moments: mean VIX (19.3); standard deviation of VIX (7.4); average holding-
period return on one-month ATM VIX call option (—48%); average one-month ATM VIX option

4 The number 11.4 is obtained as follows: we take monthly data of the VIX index from CBOE, identify all the
months during which VIX rises, and then take the mean of the largest 15. Given the period 1990-2020, the number 15
is consistent with our earlier calibration that jumps are on average once every other year.
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Black-76 implied volatility (0.69); monthly autocorrelation of one-month ATM VIX option Black-76
implied volatility (0.53); contemporaneous correlation between VIX and one-month ATM VIX option
Black-76 implied volatility (0.48). The values and data sources for these moments are summarized

in Tables 2 and 5. We match a majority of these moments well.

We calibrate risk aversion at 14, slightly higher than that in Bansal and Yaron (2004) and
Bollerslev, Tauchen, and Zhou (2009) (10) and Drechsler and Yaron (2011) (9.5), and higher than that
in Wachter (2013) (3) and Eraker and Wu (2017) (8). Intuitively, the high risk aversion arises from
the effort to reconcile sizable premia on VIX derivatives (high risk prices) with a low consumption

growth volatility (low risk prices), while maintaining a reasonable stock market leverage ¢.

We calibrate oy at 0.16. Obviously, as a volatility-of-volatility parameter, it heavily influences
VIX volatility, VIX derivatives premia, the probability distribution of VIX, and thus the contem-
poraneous correlation between VIX and one-month ATM VIX option Black-76 implied volatility.
The parameter oy is again not a substitute for risk aversion since a too large oy would make the
model behave like a single-factor model. x* is calibrated at a high value, 12, in an effort to match a
low monthly autocorrelation of one-month ATM VIX option Black-76 implied volatility. Note that

A increases, the second factor,

the latter is not monotonically decreasing in the former because as
A¢, becomes shorter-lasting and impacts equilibrium VIX option price less (note that o7 is also a
volatility-of-volatility factor which impacts VIX option price). Finally, we set oy = 2.6 and op = 0.1
in order to match mean and standard deviation of VIX and VIX option premia and implied volatil-
ity. Note that VIX derivative (futures and option) premia are generally decreasing with op as the
dividend idiosyncratic risk contained in op is not priced in equilibrium and thus only contributes

to the constant component of the VIX index, thereby decreasing the exposure of VIX (derivative)

returns to o7 and A;.

5.2 Simulation Results
5.2.1 General Moments

Table 5 displays a list of moments from a simulation of the model at calibrated parameters, as well as
their counterparts in U.S. data. The model is discretized using an Fuler approximation and simulated
at a monthly frequency (dt = 1/12) for 100,000 months. Simulating the model at higher frequencies
produces negligible differences in the results. We then aggregate simulated data to compute model

moments primarily reported on a monthly or annual basis. As seen in the table, we match a majority
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of the key moments that we are interested in. In particular, we match average consumption growth
volatility fairly well: 3.08% in the model vs. 2.93% in the data. Notably, we match the correlation
between consumption and dividend growths closely: 0.69 in the model vs. 0.59 in the data. This
outperforms leading asset pricing models, as we see, for example, the correlation is 0.31 in Bansal
and Yaron (2004), 0.32 in Drechsler and Yaron (2011), and 1 in Wachter (2013), implying the balance
between systematic and idiosyncratic risks in dividend growth is more reasonable in our model. In
terms of the equity premium, we overshoot slightly, as our model produces 8.81% per annum. This
compares to 8.33% in the CRSP distributed in Ken French’s publicly available Mkt-Rf time series.
Our model produces an unconditional stock market volatility of 17.71%, which compares to 18.31%
in post-1990 S&P 500 data.!> Our model generates an average (one-year) risk-free rate on par with

what we see in the data, though the model-implied volatility of the risk-free rate is a bit higher.

Our model does not match the observed (log) price-dividend ratio well. Empirically observed p/d
ratios vary substantially over time and display an annualized autocorrelation that exceeds anything
we could expect to generate with our model. This is a natural consequence of the fact that our
model structure is geared toward explaining derivatives data and calibrated to do so at a relatively
high frequency. Price-dividend ratios display annualized persistence that way exceeds that seen in
high-frequency derivatives-based variables such as VIX and VVIX. Adding additional state-variables,
such as in models by Campbell and Cochrane (1999) (habits), Bansal and Yaron (2004) (long-run
persistent consumption growth), and Wachter (2013) (persistent disaster risk factor) helps the model
fit the price-dividend data better. In Appendix D, we solve and calibrate an extended version of
our baseline model in which the introduction of persistent long-run growth risks brings the volatility
and persistence of the price-dividend ratio substantially closer to the data while leaving all the other
moments largely unaffected. In Appendix D, we also report additional model moments as well as
return predictability, and discuss how the shortfall in long-term return predictability can be addressed

in an extended three-factor model.

[Table 5 about here.]

Importantly, for the purposes of our study, we match the mean and standard deviation of the VIX
index almost exactly. The fact that mean VIX (19.41) is higher than equity return objective volatility
(17.71) illustrates the model’s ability to generate a large unconditional variance risk premium close

to that in the data. The monthly autocorrelation of the simulated VIX index is 0.8, close to 0.84 in

15We compare our estimate to SPX volatility using data collected after 1990 to make the estimate comparable to the
average VIX. The CRSP value-weighted index return over the risk-free rate has an annual volatility of about 20.30%
using data from 1927-2020.
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the data. Turning to the model’s ability to match key moments of VIX options data, we see that the
average implied volatility for one-month ATM VIX options, denoted E(imp_wvol;), is estimated at
71.84 in the model simulations, which compares to 68.8 in the data. The model produces a volatility
of the simulated VIX implied volatility, denoted o(imp_vol;), of 12.64 vs. 14.3 in the data - a slight
miss on the low side. The model also produces a monthly autocorrelation of one-month ATM VIX

implied volatility, denoted ACY(imp_wvol;), of 0.49 vs. 0.53 in the data.

Our model matches the observed positive but imperfect correlation between the implied VIX
volatility and VIX at 0.32 vs. 0.48 in the data. It is useful to consider this in relation to a model
where the arrival intensity of volatility jumps is constant \; = A (Eraker and Wu (2017)) or volatility-
driven \; = Ao+ A10? (Drechsler and Yaron (2011)). In these cases, VIX? would be a linear function
of ¢ and thus derive its properties. From this, it follows that the local variance of VIX? will be
a linear function of o7, or equivalently VIX?. This shows that VIX option implied volatility (or
simply vol-of-vol) should be (either positively or negatively) perfectly correlated with VIX itself.

Our two-factor model breaks up the otherwise rigid correlation between VIX and vol-of-vol by
having an additional self-exciting A; factor. The latter typically drives VIX and vol-of-vol in the same
direction as follows. When )\; increases, it first drives VIX up as VIX loads positively on it; it second
drives up the prices of VIX call options and thus implied vol-of-vol. Huang, Schlag, Shaliastovich,
and Thimme (2019) present empirical evidence suggesting that VIX and vol-of-vol carry negative risk
premia, which is true in our model: VIX is an increasing function of ¢ and \;, both of which have
negative market risk prices, so has VIX. Since vol-of-vol also loads positively on o? and ), it too
carries a negative risk price. However, Huang, Schlag, Shaliastovich, and Thimme (2019) propose
a model where stock market spot variance follows a mean-reverting process in which volatility is
driven by an independent diffusion process. The independence assumption counterfactually implies

that the correlation between VIX? and volatility-of-volatility (or VVIX) is zero.'6

5.2.2 VIX Futures Returns

[Table 6 about here.]

Table 6 compares average returns and return standard deviations for VIX futures prices com-
puted from data (see Eraker and Wu (2017)) and our model. We report average daily arithmetic and

logarithmic returns, and return standard deviations by re-simulating our model at a daily frequency

16The HSST model implies that VIX? is a linear function of stock market variance, V;. It follows that we can write
dVIXt2 =(a+ bVIXf)dt + cdet where 7: is a mean-reverting diffusion independent of V; and therefore VIX?.
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to facilitate comparison with the results in Eraker and Wu (2017). For one-month contracts, both
log and arithmetic returns are ballpark the same for the model as in the data. At longer horizons,
the model generates a too high (negative) risk premium. This is well known in the variance-risk
literature. In fact, Dew-Becker, Giglio, Le, and Rodriguez (2017) report positive returns to long-
maturity variance swaps, a finding that cannot be reconciled with a negative volatility risk premium.
Our model also matches the observed daily return standard deviations of VIX futures almost ex-
actly, although these moments were never targeted in our parameter calibration. The Variance Risk
Premium is always positive in our model which follows from the fact that VRP is a positive linear

function of two positive state-variables.
[Figure 7 about here.]

To better understand how negative average VIX futures returns are generated in the model,
Figure 7 shows the expected returns under different market conditions (low vs. high VIX). As in
Eraker and Wu (2017), Figure 7, our model generates a consistent positive difference between the
@ (risk-neutral) and P (objective) expected path of VIX, irrespective of the initial condition. Since
expected returns are given by EX (VIX,,)/E®(VIX,,,)—1, this implies that expected VIX futures

returns are always negative in our model.

5.2.3 SPX Option Implied Volatilities

Before proceeding to our key focus, VIX options, we will discuss our model’s ability to accurately
capture SPX option implied volatilities. Figure 8 illustrates the Black and Scholes (1973) implied
volatilities for SPX put options in our model’s steady states. The implied volatilities resemble those
we see in data well. First, the levels of ATM and OTM implied volatilities for various maturities
are on par with those in the data. Second, fixing moneyness, the implied volatility term structure
is upward sloping for ATM options and gradually transitions to downward sloping for (far) OTM
options. Third, the implied volatility curve is decreasing with the strike for most strike ranges,

consistent with a highly left skewed risk-neutral distribution of SPX returns.!”

[Figure 8 about here.]

17See Bates (2000), Broadie, Chernov, and Johannes (2007), Eraker (2004), Pan (2002), Santa-Clara and Yan (2010),
Backus, Chernov, and Martin (2011) and Seo and Wachter (2019) among others for models that generate left skewness.
In our model left skewness is endogenously achieved through the volatility feedback mechanism.
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5.2.4 VIX Option Implied Volatilities

Table 1 right panel reports VIX implied volatilities from our model and is thereby comparable to
Table 1 left panel which uses real data. At short maturities and low strikes our model mildly
undershoots implied volatility, as seen for the 20 strike which averages 104% implied volatility in the
data vs. 88% in our model. This is not a significant deviation when considering that the size of the
bid-ask spread often exceeds 20 implied volatility points - see Figure 2. At higher strikes our model
generates data that are close to what is reported in Table 1 left panel. For example, at a 30 strike
the data averages 126% implied vol which compares to 121% in the model. At a strike of 40 the
numbers are 135% and 134%, respectively. At the six-month horizon our model overshoots implied
volatilities by roughly 5 percentage points across all strikes. This is evidence that mean reversion of
VIX in the model is slightly slower than that in the data. On the other hand, the autocorrelation
of VIX in the model (0.80) is smaller than that in the data (0.84), suggesting, on the contrary, that
VIX mean reversion in the model is slightly faster than that in the data. The current parameter

choices reflect a balance struck between those tensions.

Figures 9 and 10 further illustrate the implied volatility patterns generated by our model. While
Figure 9 shows the steady-state implied volatilities and pretty much illustrates the patterns in Table
1 right panel, Figure 10 shows what happens when we condition upon a high and low initial VIX. In
the low VIX case, where we have set the initial state variables so low as to generate a VIX of 12.6,
we see that the implied volatility curves are almost everywhere increasing and concave. This closely
resembles the patterns we saw in the data on April 26, 2017 (Figure 2 bottom). The top panel shows
that under a high initial VIX, the implied volatility curves have changed to something that looks
almost flat, and marginally convex especially at the left end. Again, this strikingly resembles the

data we saw on November 12, 2008 (Figure 2 top).

To understand this contrast, note that there are two forces in shaping VIX option implied volatil-
ity curves. First, equilibrium VIX-squared is linear in o7 and A, but mainly driven by 2. Therefore,
the implied volatility is shaped by the risk-neutral conditional distribution of ¢?. Second, the op-
tion is written on VIX, the square root of VIX-squared. The square root payoff structure carries a
moderate effect on distribution shape, that is, a square root transform reduces (increases) a random
variable’s right (left) skewness. Now consider the shapes of implied volatility curves across the two

different market conditions in order.

The concavity in implied volatility seen in the low-VIX state is related to the fact that in order

to generate a low VIX, both state variables are set low. When \; is low it mean-reverts fast so
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that during the option’s lifetime it likely experiences a considerable increase. By contrast, o7 mean
reverts slowly and remains persistently low unless there is a jump. The o7 dynamics described
by equation (21) shows that the effect of jumps dominates the distribution of o7 and thus VIX-
squared, inducing a fat right tail in the distribution of squared VIX. This again leads to an increase
in implied volatility across strikes. The moderate effect of the square root transformation from VIX-
squared to VIX, however, works oppositely by dampening the right-skewness of VIX’s distribution,
which is why the implied volatility curve is concave. In other words, without the square root payoff
structure, implied volatility is convexly increasing in the strike, whereas without the possibility of
jumps, implied volatility would sharply decrease beyond a certain threshold strike and also would
undershoot its data counterpart. Only combining a possibility of jumps and a square root payoff
structure can deliver a concavely increasing implied volatility curve, not only in low-volatility times

(Figure 10) but also in average times (Figure 9).

On the other hand, in order to generate a high VIX simultaneously we need both high spot
volatility oy and high jump arrival intensity A;. The high probability of a jump arrival fattens
the right tail of the conditional distribution for VIX in high VIX regimes, generating high implied
volatilities for VIX options with high strikes. This counters the moderate effect of the option’s square
root payoff structure and generates a relatively heavy right tail of VIX’s distribution, preventing the
implied volatility curve from sharply sloping downward to the right. The fact that o; is high also
increases the volatility of o7 itself through the square root diffusion term, assigning fat tails to both
sides. Reinforced by the moderate effect of the square root payoff structure that contributes to a
left skewness, VIX now has a particularly fat tail at the left end, making the implied volatility curve

convex there.

[Figure 9 about here.]

[Figure 10 about here.]

5.2.5 VIX Option Returns

Figure 11 reports average returns on holding VIX call and put options to maturities. All returns are
normalized to a monthly frequency. Some striking patterns are as follows. First, the model generates
a negative (positive) premium for VIX call (put) options, intuitively because the payoff of a VIX call

(put) is a positive (negative) bet on o7 and \; both of which are negatively priced in equilibrium. In
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other words, for market participants, VIX call options are insurances against possible spikes in o?

and A; and thus a negative premium is generated. Second, the model implies that, ceteris paribus,
shorter maturity VIX options always carry a greater premium than longer maturity ones, showing
that the shorter the maturity is, the more excessively expensive (cheap) the call (put) is. This is
in principle consistent with the downward sloping term structure of VIX option implied volatility
shown in Table 1 right panel. Below we show that this is true in the VIX implied volatility data.
Third, the premia for both call and put are decreasing with moneyness, showing that the more
out-of-the-money the VIX call (put) is, the more pronounced its role as a bet on (against) volatility
and volatility-of-volatility. This is in principle consistent with the upward sloping VIX call option

implied volatility curve across strike shown in Table 1 right panel.

[Figure 11 about here.]

Table 7 further reports returns to VIX options in our model with greater details. ITM (OTM)
here indicates 15% in-the-money (out-of-the-money). Given VIX futures price is most of the time
close to 20, 15% corresponds to 3 points, so that this table is directly comparable with Table 2. A
few comments on the similarities and dissimilarities between the data averages and the model are
in order. First, the model generates negative returns to call options, and positive returns to put
options. This is consistent with the data. The model generates negative short maturity (one-month)
call returns ranging from -14% (ITM) to -36% (OTM) which compare to -33% (ITM) and -60%
(OTM) in the data. We need to keep in mind here that over the course of our sample, VIX spiked
dramatically on several occasions, including the financial crisis of 2008, the events of February 5th,
2018 discussed in Section 3.2, and the Covid-19 crisis, leading to large positive returns for OTM
VIX calls. For the longer maturity (six-month) call average returns, our model matches the data
well: -45% (ITM) to -58% (OTM) in the model which compare to -53% (ITM) and -61% (OTM) in
the data. Another commonality between the model and the data is the term structure of (absolute)
returns on VIX call is downward sloping. For example, for ATM calls, the monthly return is -0.24

(-0.48) for one-month vs. -0.53/6 ~ -0.09 (-0.59/6 ~ -0.1) for six-month in the model (data).

[Table 7 about here.]

The model generates positive average returns on I'TM, ATM, and OTM short and long maturity
put options, consistent with the data in Table 2. The quantities are somehow different, with the

average return heavily dependent on moneyness in the data, but not in the model. In particular,
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the data shows that short-maturity OTM puts have large average returns due to the 2008 financial

crisis and Covid-19 crisis periods.

Turning to an examination of higher-order return moments, we see that our model generates
patterns that are strikingly similar to what we estimate from data. For example, one-month maturity
call returns have an estimated standard deviation of 157% in the data vs. 123% in the model for
ITMs, 305% vs. 212% (ATM), and 498% vs. 318% (OTM). The return standard deviations are
matched even better for short maturity puts, as one-month maturity put returns have an estimated
standard deviation of 66% in the data vs. 68% in the model for ITMs, 101% vs. 109% (ATM),
and 221% vs. 247% (OTM). At longer maturities, our model slightly undershoots return standard
deviations for calls as well as for puts. Notably, we also match the estimated skewness and kurtosis
coefficients fairly closely, especially for the puts. Omne exception here is the large model-implied
kurtosis for OTM one-month maturity calls: this coefficient is 162.06 in the model vs. 68.29 in the
data. In interpreting these deviations, the reader should keep in mind that higher-order moments
such as skewness and kurtosis are difficult to accurately estimate from a relatively short sample of

option returns.

5.3 VIX Options as Hedges For SPX Options

[Table 8 about here.]

In order to get a clearer insight into the workings of our model economy, we present results of
a variance decomposition of data simulated from the model. We condition on the initial values of
the state variables o7 and \; so as to generate high and low volatility states or VIX states. In each
case, we simulate a large (N = 50, 000) realizations of state-variables one day ahead, compute option
prices and VIX futures prices. We ask which one of the state-variables are important to various
states of the world by running regressions of the price changes on changes in state-variables as well
as squared and cubed state-variables. The latter allows us to approximately pinpoint the importance

of convexity in option prices.

The results are presented in Table 8. Starting from the bottom we see that low values of the
state-variables, consistent with a VIX at 12.7, imply that ATM SPX options returns are driven
almost entirely by cash flow risks (D;). OTM SPX options depend less on cash flow Dy risk (35.1%)
but heavily on variation in variance jump risk (). Intuitively, OTM SPX options depend primarily

on the possibility of a crash occurring which probability is A;. This is consistent with Bollerslev and
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Todorov (2011) and Bollerslev, Todorov, and Xu (2015) among others, who derive option-based tail-
risk measures from far OTM options and argue that these are priced state-variables. The convexity

terms, (02)%, (¢2)% and ()\;)? do not matter in the low volatility regime.

VIX options and futures never depend on cash flow risk D;. In the low VIX regime they depend
linearly on o2 and ). In the steady state and higher VIX regimes, we see that both VIX and SPX
options depend increasingly on the convexity terms. This is in part because as we increase the jump
frequency )¢, jump realizations become more important, leading to the squared and cubed ¢? terms

instrumenting for the convexity in the options prices for both VIX and SPX.

[Figure 12 about here.]

Our variance decompositions are based on state-variables that are not observable (to econome-
tricians): the state-variables cannot be traded, and there are no instruments that load on the state-
variables only, rendering the market incomplete. Options traders can hedge SPX or VIX options
using a standard delta hedge through index futures or ETFs, and they can hedge volatility exposure
with variance claims such as VIX futures. Recall that Figure 6 depicts the performance of hedging
SPX options using stock prices (SPY), VIX futures and VIX call options, and shows that during
crisis periods, VIX calls significantly improve hedging performance. Figure 12 above replicates this
exercise using model-simulated data. As seen, our model replicates the essential feature of the data:
during periods of low volatility, the estimated factor loading on VIX call options fluctuates around
zero, whereas during periods of high volatility, the estimated factor loading becomes positive. The
pattern can be traced back to information contained in the variance decomposition (Table 8). First,
during normal times when VIX is low (\; and o7 low), variation in D; dominates returns to SPX and
SPX options. This leads to a low correlation between VIX calls and SPX puts. Second, during high
VIX periods when o2 are high, variation in o7 and its polynomial terms dominate variation in SPX
options. Since \; and particularly o? drive all the variation in VIX options, the correlation between

SPX and VIX options increases with these variables.

5.4 Comparative Static Analysis

[Figure 13 about here.]

In order to gain some additional insights into the workings of our model, we report the results

of some comparative statics. In doing so, we also emphasize the necessity of recursive preferences
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(v > 1/9) for the model to generate non-zero VIX derivatives premia. The left subplot of Figure
13 illustrates the co-movements of seven important steady-state conditional model moments with
risk aversion. As shown, the equity premium is sensitive to risk aversion universally: it increases
with risk aversion almost linearly when the latter is relatively low; and increasingly fast when the
latter becomes higher. Recall from equation (31) that equity premium reflects compensations for
three sources of risks corresponding to the model’s three state variables. The pattern of the equity
premium’s variation with risk aversion reflects the fact that market price of risk for consumption
growth increases linearly with ~, whereas the market prices of risks for volatility and its jumping

risk only increase slowly with + at the beginning and increasingly faster afterwards.

The right subplot of Figure 13 shows the impact of risk aversion on the market risk prices asso-
ciated with the three state-variables, A = (v, —be, —b3). Since the representative agent has recursive
preferences (and prefers early resolution of uncertainties for the current parameter configuration),
she is concerned about variations in her value function in the future, which are affected by risks in o2
and A\;. Both state variables therefore enter the agent’s pricing kernel and are priced in equilibrium.
However, these two state variables are by nature higher-order. Specifically, o7 measures the spot
variance of consumption growth and thus is a second-order moment in terms of its relation with
consumption, while \; governs the arrival intensity of jump in o2 and has third or even higher-order

effects on consumption. Accordingly, market risk prices associated with o2 and ); increase relatively

slowly with risk aversion.

Turning back onto the left subplot of Figure 13, it remains to check how other moments, besides
the equity premium, vary with risk aversion. VIX increases with v, manifesting the former’s depen-
dence on state variables that are priced in equilibrium. VIX is a risk neutral measure of market
volatility. A larger risk aversion implies a higher market price of risk associated with o2 and )\, a
higher risk-neutral persistence, and mean of o7 and );, and a higher VIX. But this also implies that
the average value of VIX increases relative to objective variance, or put differently, the variance risk

premium increases.

The left subplot of Figure 13 also shows the steady-state risk premia on one-month ATM VIX
put and call options. As the VIX call (put) option is a (negative) volatility claim, it earns a negative
(positive) premium. Both premia, however, increase in absolute values with v asymmetrically: premia
in the puts increase more slowly than the calls. Thus, a larger risk aversion leads investors to be
willing to pay a comparably higher premium for the crash insurance offered by VIX calls than the

positive premium they demand for holding VIX puts.
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Figure 13 finally saliently speaks to the necessity of the recursive preference assumption in gen-
erating non-zero risk premia on VIX derivatives, since all premia are exactly zero when v = 1, in
which case the Duffie-Epstein recursive preferences collapse into the CRRA preferences. With the
latter, neither o nor \; would be priced in equilibrium. This would imply that a claim with mere

exposure to o2 and \; would earn a zero premium.

6 Concluding Remarks

This paper studies the properties of VIX derivatives prices, including the returns to buy-and-hold VIX
options positions. We document negative return premia consistent with a negative price of volatility
and volatility jump risk. Our paper follows the well-established literature on consumption-based asset
pricing models where persistent state dynamics generate risk premia that exceed those seen under
time-additive preferences by separating risk-aversion from intertemporal elasticity of substitution, as
in Bansal and Yaron (2004), Eraker and Shaliastovich (2008), Drechsler and Yaron (2011), Wachter
(2013), and many others. Our theoretical formulation mirrors the general framework outlined in
Eraker and Shaliastovich (2008), but has the advantage that it does not require any linearization

approximations in deriving the pricing kernel.

We use this modeling framework to specify a model that features a time-varying consumption
volatility and time-varying intensity of jumps in that volatility process. This is different from the
consumption disaster literature, as for example Barro (2006) or Wachter (2013), where disasters
occur in consumption itself. Our model produces a smooth aggregate consumption consistent with

what we see in U.S. data.

Our model replicates many of the observed characteristics of asset market data: it is within strik-
ing distance of the equity premium, unconditional stock market volatility, the variance risk premium,
the correlation between VIX and VVIX, the weak persistence in VVIX, but most importantly for
our purposes, it appears to replicate some of the features we observe in the VIX derivative markets
data with surprising accuracy. First, it replicates large negative average returns to VIX futures.
Second, it replicates with an acceptable degree of accuracy the return premia seen in VIX options
data. This includes the higher-order moments. Third, we replicate the general shape of VIX option

implied volatility functions, including the positive skewness and downward sloping term structure.

In equity and variance swap options, it is well known that implied volatilities exhibit convexity

(i.e., smile) over strikes. In our VIX option data, the smile is actually a concave frown for the most
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part of our sample, and particularly so when VIX is low. When VIX is high, it surprisingly changes

to a convex smile. Even more surprisingly, our model replicates this empirical phenomenon.

We show that VIX options variations are not necessarily spanned by SPX options as a PCA
decomposition shows that VIX options returns contain variation not seen in SPX options. The
model also replicates the time-varying nature of the hedging relationship between SPX options, the
underlying SPX index, VIX futures, and VIX options. In regressing SPX put option changes onto
changes in these variables, we find that VIX options are nearly uncorrelated with SPX options in
low volatility periods while the correlation spikes in high volatility periods. Our model explains
this through essentially time-varying factor loadings: when volatility is low, ATM SPX options
depend primarily on cash flow news, while ATM VIX options depend on volatility and jump arrival
intensity. In high volatility periods, the correlations increase, and VIX call options can serve as

important hedging instruments for SPX puts.
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Table 1: Average Implied Black-76 Volatility

The table reports average (annualized) implied Black-76 volatility for VIX options by maturity and strike.
The left panel reports data results with a sample over the Jan 2006 - June 2020 period. The right panel
reports results computed from simulating the benchmark VIX model over 100,000 months.

Data Model
Maturity 1 2 3 6 1 2 3 6
(months)
Strike
12 0.72 0.59 0.53 0.48 0.72 0.62 0.59 0.57
14 0.79 0.66 0.60 0.52 0.64 0.54 0.50 0.47
16 0.90 0.74 0.66 0.52 0.71 0.61 0.57 0.50
18 0.98 0.80 0.70 0.54 0.79 0.70 0.64 0.55
20 1.04 0.83 0.73 0.56 0.88 0.77 0.71 0.60
22 1.11 0.88 0.77 0.58 0.96 0.84 0.76 0.64
24 1.15 0.92 0.80 0.59 1.04 0.89 0.81 0.67
26 1.19 0.96 0.82 0.61 1.11 0.93 0.84 0.69
28 1.23 0.99 0.85 0.62 1.16 0.97 0.87 0.71
30 1.26 1.01 0.87 0.63 1.21 1.00 0.89 0.72
32 1.27 1.03 0.89 0.64 1.25 1.02 0.90 0.72
34 1.30 1.05 0.90 0.65 1.28 1.03 0.91 0.73
36 1.30 1.07 0.92 0.66 1.30 1.04 0.92 0.73
38 1.32 1.09 0.93 0.67 1.33 1.05 0.92 0.72
40 1.35 1.11 0.95 0.67 1.34 1.06 0.92 0.72
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Table 2: VIX Option Returns

The table reports sample statistics on buy-and-hold returns to option positions in VIX. Returns are defined as
payofl/po — 1 where T is the expiration and pyg is the price (midpoint) of the option one month or six months
prior to expiration. ATM is defined as the option with strike closest to the option-implied Futures price of
the same maturity as the option. An OTM (ITM) is defined as a call option with a strike that is 3 points
higher (lower) than ATM. Confidence intervals (CI) for the expected returns are computed by bootstrapping
the return distribution. The sample period is Jan 2006 - June 2020. Sharpe ratios are annualized.

CALLS PUTS
IT™ ATM OT™M IT™™ ATM OT™M
One month maturity
mean -0.33 -0.48 -0.60 0.10 0.21 0.54
[-0.47,-0.19]  [-0.66-0.29]  [-0.81-0.39]  [0.01,0.19]  [0.07,0.35]  [0.22,0.86]
std 1.57 3.05 4.98 0.66 1.01 2.21
Sharpe -0.73 -0.55 -0.42 0.55 0.73 0.85
skew 5.60 6.70 7.56 -0.23 0.27 2.39
kurt 50.51 59.47 68.29 2.24 1.89 9.33
Six month maturity
mean -0.53 -0.59 -0.61 -0.13 -0.02 0.21
[-0.79,-0.23]  [-0.86,-0.30]  [-0.92,-0.25]  [-0.27,0.01]  [-0.21,0.16]  [-0.07,0.49]
std 1.94 2.58 3.28 0.80 1.01 1.45
Sharpe -0.39 -0.33 -0.27 -0.24 -0.04 0.20
skew 3.67 4.06 4.75 -0.31 -0.03 0.49
kurt 18.68 21.70 27.22 2.16 1.84 2.03
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Table 3: SPX Put Option Returns

The table reports sample statistics on buy-and-hold returns to OTM S&P 500 options. Returns are defined
as payoff/po — 1 where T is the expiration and py is the price of the option one, two or six months prior
to expiration. The sample period is Jan 2006 to June 2020. 90% confidence interval for the mean return is
computed by bootstrapping. Sharpe ratios are annualized.

30d 60d 180d

K/S 0-0.85  0.85-0.90 0.90-0.95 0-0.85 0.85-0.90 0.90-0.95  0-0.85  0.85-0.90 0.90-0.95

mean -0.69 -0.57 -0.30 -0.29 -0.44 -0.31 -0.79 -0.67 -0.57
[-0.95,-0.36] [-0.83,-0.26] [-0.53,-0.03] [-0.82,0.34] [-0.75,-0.06] [-0.55,-0.05] [-0.96,-0.58] [-0.87,-0.44] [-0.78,-0.34]
std 3.95 3.34 2.41 6.64 4.18 2.52 1.02 1.11 1.09
Sharpe -0.74 -0.60 -0.50 -0.08 -0.17 -0.26 -1.18 -0.90 -0.69
skew 19.30 12.79 6.46 11.53 8.56 5.85 7.63 5.01 3.09
kurt 402.18 202.79 61.79 153.37 92.44 47.63 62.33 30.75 13.78
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Table 4: Parameters for the VIX Model

The table reports parameter values for the VIX model in Section 4. The processes for log consumption,
consumption growth volatility, volatility jump arrival intensity, and log dividend are respectively given by

2
dInCy = (p — %)dt + 01dBE
do? = kY (0V — o?)dt + oyodB) + &y dN;
d\i = M0 — \p)dt + ox\/\dB}
dln Dy = ¢dIn C; + ppdt + opdBP

where N; is a Poisson process with instantaneous arrival intensity )\;, and the jump size £y is exponentially
distributed with mean pe. The representative agent has recursive utility given by

v = Et/ F(C, Va)ds
t

F(CV) =51 —-7)V(nC - In((1 =7)V))

1—7

Parameters values are interpreted in annual terms.

Rate of time preference 3 0.01
Relative risk aversion ~y 14
Average growth in consumption p 0.03
Mean reversion of volatility process k" 2.5
Average volatility-squared without jumps 6" 0.0004
Diffusion scale parameter of volatility process oy 0.16
Average volatility jump size pe 0.005
Mean reversion of jump arrival intensity process £* 12
Average intensity of a jump in volatility §* 0.5
Diffusion scale parameter of jump arrival intensity process oy 2.6
Stock market leverage ¢ 2.7
Adjustment in dividend growth drift pup -0.02
Idiosyncratic risk in dividend growth op 0.1
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Table 5: Simulation: Selected Model Moments

The table reports a list of model moments and their comparison with U.S. data. The model is simulated
at a monthly frequency (dt=1/12) and simulated data are then aggregated to an annual frequency. All the
moments in the first panel are on an annual basis. Ac denotes log consumption growth rate, Ad log dividend
growth rate, pd log price-dividend ratio, r{ log return on the dividend claim, and rtf yield on one-year riskless
bond. All the moments in the second panel are on a monthly basis, but the two variables VIX; (risk-neutral
one-month log equity return volatility index) and imp_ vol; (Black-76 implied volatility for one-month ATM
VIX option) are themselves annualized.

Model U.S. Data Data Source

E[Ad] 2.96 1.80 BY2004
o(Ac) 3.08 2.93 BY2004
AC(Ac) 0.27 0.49 BY2004
E[Ad] 5.84 4.61 CRSP
o(Ad) 11.56 11.49 BY2004
AC,(Ad) 0.24 0.21 BY2004
corr(Ac, Ad) 0.69 0.59 DY2011
Elexp(pd)] 21.98 26.56 BY2004
o(pd) 9.14 29.00 BY2004
AC, (pd) 0.04 0.81 BY2004
Elr¢ — 7] 8.81 8.33 Ken French
o (r) 17.71 18.31 CRSP
E[r]] 0.18 0.86 BY2004
o(rl) 2.86 0.97 BY2004
EVIX,] 19.41 19.28 CBOE
o(VIX,) 7.51 7.42 CBOE
AC(VIX,) 0.80 0.84 CBOE
Elimp_voly] 71.84 68.80 CBOE
o(imp_voly) 12.64 14.30 CBOE
ACq (imp_voly) 0.49 0.53 CBOE
corr(VIXy, imp_vol) 0.32 0.48 CBOE
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Table 6: Simulation: VIX Futures Returns

This table reports descriptive statistics of the model simulated VIX futures returns.
R! is the daily average arithmetic constant-maturity return and R? is the daily
average logarithmic constant-maturity return, Std is the standard deviation of daily
logarithmic constant-maturity returns. Data moments are from Eraker and Wu
(2017). All numbers are in percentages.

Maturity R! R? Std
Model
1 month -0.10 -0.18 3.75
2 month -0.09 -0.14 3.12
3 month -0.08 -0.12 2.71
4 month -0.07 -0.10 2.40
5 month -0.06 -0.08 2.14
Data
1 month -0.12 -0.20 3.98
2 month -0.07 -0.11 3.00
3 month -0.01 -0.04 2.47
4 month -0.03 -0.05 2.21
5 month -0.01 -0.03 2.01
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Table 7: Simulation: VIX Option Returns

The table reports model moments of returns on holding VIX options for maturities of one and six months.
ITM and OTM are defined to be 15% in-the-money and 15% out-of-the-money. Sharpe ratios are annualized.
All other numbers are based on buy-and-hold returns.

CALLS PUTS

IT™M ATM OTM IT™M ATM OTM

One month maturity

mean -0.14 -0.24 -0.36 0.05 0.06 0.07
std 1.23 2.12 3.18 0.68 1.09 2.47
Sharpe -0.40 -0.40 -0.39 0.24 0.18 0.10
skew 4.46 7.15 10.42 0.05 0.76 3.10
kurt 39.49 83.93 162.06 2.39 2.89 15.80

Six month maturity

mean -0.45 -0.53 -0.58 0.15 0.16 0.17
std 1.25 1.41 1.52 0.65 0.83 1.22
Sharpe -0.52 -0.53 -0.54 0.32 0.27 0.19
skew 3.53 4.27 5.06 -0.50 -0.08 0.56
kurt 18.61 25.65 34.85 2.32 1.88 1.98
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Table 8: Variance Decomposition

This table reports decompositions of variance in different assets into fractions attributable to cash flow risk
(Dy), volatility risk (0?), second-order volatility risk ((¢7)?), third-order volatility risk ((¢7)%), jump intensity
risk (A\;), and second-order jump intensity risk ((\¢)?), conditional upon a high-VIX, a medium-VIX, and a
low-VIX regime respectively. Definitions of OTM, ATM and VIX futures characteristics are as in Figure 12.
All numbers are in percentages. We simulate the model (starting from four different initial states) for two
periods (days) to obtain the changes in all relevant variables. We repeat the simulation 50,000 times to obtain
50,000 observations and then obtain variance decomposition from linear regressions.

Asset Dy o? (02)? (02)3 At (A)?

High-VIX regime I: 02 = 1002,, \; = 10y, VIX; = 54.3

EER

ATM SPX Put 7.7 3.5 77.6 10.9 0.3 0.0
OTM SPX Put 0.0 10.0 55.3 34.6 0.0 0.0
ATM VIX Call 0.0 11.7 77.5 10.6 0.0 0.3
OTM VIX Call 0.0 14.2 60.9 24.9 0.0 0.0
VIX Futures 0.0 81.5 11.7 0.6 6.1 0.1

High-VIX regime II: 07 = 502,, \; = 5y, VIX; = 39.4

EER

ATM SPX Put 18.5 0.2 69.3 11.3 0.7 0.0
OTM SPX Put 0.1 9.3 48.4 42.3 0.0 0.0
ATM VIX Call 0.0 2.2 82.7 14.2 0.4 0.5
OTM VIX Call 0.0 5.6 38.1 56.2 0.0 0.1
VIX Futures 0.0 81.7 10.5 0.7 7.0 0.1

Medium-VIX regime: 07 = 02, A\t = Ags, VIX; = 20.9

EER

ATM SPX Put 41.4 33.0 19.2 5.3 1.1 0.0
OTM SPX Put 0.3 4.5 37.9 56.0 1.3 0.0
ATM VIX Call 0.0 27.7 47.8 21.2 3.0 0.3
OTM VIX Call 0.0 5.9 89.1 4.5 0.4 0.0
VIX Futures 0.0 79.0 11.6 1.7 7.7 0.0

Low-VIX regime: 0?7 = 0.0102%,, \; = 0.01)\,, VIX, = 12.7

EER

ATM SPX Put 98.0 1.9 0.0 0.0 0.1 0.0
OTM SPX Put 35.1 0.4 0.0 0.0 64.5 0.0
ATM VIX Call 0.0 89.5 0.0 0.0 10.5 0.0
OTM VIX Call 0.0 23.5 0.6 0.0 75.9 0.0
VIX Futures 0.0 85.5 0.0 0.0 14.5 0.0
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Figure 1: Returns to OTM SPX puts and VIX calls during the height of the Covid-19
crisis, March 2020.
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Implied Vol. on November 12, 2008, 12:50pm (VIX=65.48)
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Figure 2: Implied VIX volatility on November 12, 2008 and April 26, 2017. The shaded
areas represent the IV computed from bids and asks.
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Figure 4: Marked-to-market value of 30 and 180 day VIX call options (top) and SPX

put options (bottom).
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in the data as seen from two different angles.
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Figure 6: Hedge regressions. The figure shows 3 x option computed through the regression,

AP} = oG+ Bisf YASPY, + 5i\/tIX futures A p 4 Blytlx OptionAC’t +error;; where P; is SPX put options,
SPY; is the S&P 500 index ETF, F; is front month VIX futures and Cy is OTM VIX call options.
The regression is run intraday using ten minute price changes from overlapping data sampled at
the one-minute frequency. The figure shows the average estimated slope coefficient 8 °PHor —
N% SN ;/tIX OPton where 4 indexes SPX put options that are at least 10% out of the money and
have less than 40 days to maturity and V; is the number of SPX options that satisfy these criteria

on day t.
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Figure 7: VIX futures curves and holding period returns. The figure illustrates conditional
VIX futures term structures and conditional expected holding period returns on VIX futures in
the model. Left: VIX futures curves (Q) and the objective-measure expected payoffs (P). Right:
expected holding period return, Ef (VIXi,)/ EtQ (VIXii7) — 1, to a long VIX futures position.
State variables conditioned upon for each row are the following. First row: steady state o7 and \;
second row: low o7 and steady state \;; third row: high o7 and steady state \;; fourth row: steady
state o7 and low )\;; last row: steady state o7 and high ;.
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Black-Scholes' 73 implied volatilities for SPX options
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Figure 8: Black-Scholes implied volatility curves for SPX options. This figure plots (an-
nualized) implied volatility curves computed from equating the Black-Scholes (1973) option pricing
formula with the SPX option price in the model at steady state. The horizontal axis denotes strike
normalized by SPX. Implied volatilities are computed for SPX options with four maturities: 1, 2, 3,

and 6 month.
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Figure 9: Black-76 implied volatility curves for VIX options. This figure plots (annualized)
implied volatility curves computed from equating the Black (1976) futures option pricing formula
with the VIX option price in the model at steady state. The horizontal axis denotes the absolute
value of the strike. Implied volatilities are computed for VIX options with four maturities: 1, 2, 3,

and 6 month.
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Figure 10: Black-76 implied volatility curves for VIX options: conditional analysis.
The figure plots (annualized) implied volatility curves for VIX options in the model conditional on
high and low initial VIX. In the upper case, we set both state variables very high: o7 = 1002
and A\ = 10\, implying a very high VIX, 54.3. In the lower case, we set both state variables at
minimum values: o? = \; = 0, implying a small value of VIX, 12.6.
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Figure 11: Average returns on VIX options. This upper (lower) figure plots average (monthly)
returns on VIX calls (puts) in the model. In each case, we consider options with four maturities: 1,
2, 3, and 6 month, and the horizontal axis denotes the strike of relevant option normalized by its
underlying asset price.
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Figure 12: Hedge regressions. The figure shows 8, °°"*" computed through the regression under

model-simulated data, AP, = ay + BSPXAIn SPX, + fyixfutwes Afy 4 gVXOPUORA Y 4 error, | where
P, is half-a-month 30% OTM SPX put normalized by SPX index (for stationarity in long-sample
simulation), In SP X, is log market index, F; is half-a-month VIX futures, and C} is half-a-month 50%
OTM VIX call. Consistent with our data regressions in the empirical section, we select relatively far
OTM VIX calls and SPX puts. The regression is run each day using daily price changes with a rolling
window of one month. We then average daily coefficients within each month and plot 8;™ oPtion 4nd
VIX; as a monthly time series.
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Figure 13: Comparative statics w.r.t. risk aversion. The figure illustrates steady-state
conditional model moments (left) and market risk prices (right) as a function of risk aversion, ~.
The left subplot reports VIX (VIX), variance risk premium (VRP), implied volatility of ATM VIX
options (implied vol-of-vol), instantaneous equity premium (equity premium), one-month VIX futures
premium, and one-month ATM VIX call and VIX put premiums. The right subplot reports the
dependence of the market prices of risks for the model’s three state variables, as represented by
(v,—be,—b3), on risk aversion, 7. The plot uses 7 in the range from 1 to 16.1 - the upper limit for
the existence of a model solution.
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Internet Appendix

Appendix A. The General Model

This section presents a general equilibrium asset pricing model featuring recursive preferences for a
representative agent in an economy with affine jump-diffusive states. Exact solutions are character-
ized for the value function, risk-free rate, state-price density, and induced risk-neutral measure. The
model is set in real terms, such that interest rates are to be interpreted as real rates. The equity

premium can be interpreted to be the same in real and nominal terms'®

A.I Preferences

Consider a continuous-time formulation of an endowment economy where the representative agent’s
preferences over the uncertain consumption stream C; are described by a recursive utility function
developed in Duffie and Epstein (1992). For tractability purpose, we assume a limiting case of the

utility function that sets the intertemporal elasticity of substitution (IES) equal to one

Vi = E, /00 f(Cs,Vs)ds (A.1)
t

FCV) =1 -7)V(nC - In((1 —)V)), (A.2)

L=~
where V; represents the continuation value. The parameter § is the rate of time preference, and ~ is
the relative risk aversion. The logarithm form in (A.2) indicates that we have set IES equal to one.

It is well known that (A.2) is equivalent to the ¢ — 1 limit of the more general formulation

O (V)i
(S o L

(V) = (A3)
where 0 = (1 —~)/(1 — i) The novel and appealing characteristic of the generalized preferences
described in (A.3), sometimes named the Kreps-Porteus preferences, is that they break the tight
link between intratemporal risk-aversion (7) and intertemporal substitutability (¢) and thus allow
capturing the agent’s preference for the timing of the resolution of uncertainty. For example, risk

aversion is usually assumed larger than the reciprocal of the IES, v > 1/4, in which case the

'8Extensions of standard LRR models into nominal economies have been considered by Piazzesi and Schneider (2006),
Eraker, Shaliastovich, and Wang (2016) among others. In these models equity and VIX derivative prices do not depend
on inflation since inflation shocks are homoscedastic and therefore have constant risk-prices.
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agent prefers early resolution of uncertainty. As we will show, this ensures that the compensations
for various risks in our VIX model are of the right sign and quantitatively important. Note that
although the preferences in (A.3) collapse into the familiar power utility with v = i, in which case
only risks to current consumption are priced, setting v = 1 and v > 1 (i.e., (A.2)) still maintains the
recursive preferences structure. From an empirical perspective, the relative size of the IES and one
is also a source of debate. Several studies conclude that reasonable values for this parameter lie in a
range close to one, or slightly lower than one (Vissing-Jgrgensen (2002); Thimme (2017)), while the

long-run risk literature (Bansal and Yaron (2004)) relies on an IES greater than one.

A.Il State Variables

We follow Duffie, Pan, and Singleton (2000) and Eraker and Shaliastovich (2008) and assume that a
set of n state variables, X;, in the economy follow an affine diffusion-jump process. For an endowment-
economy model to make sense, (log) consumption is taken to be part of the state-vector X;. The
other state variables are broadly defined. For example, one needs to include as an additional state
variable expected consumption growth in a long-run risk model (Bansal and Yaron (2004)), the arrival
intensity of the jumps to consumption in a time-varying disaster risk model (Wachter (2013)), and the
price level or expected inflation in a nominal bond pricing model (Bansal and Shaliastovich (2013)).
We emphasize that X; includes all the state variables the agent needs to keep track of. Specifically,
we fix the probability space {2, F, P} and the information filtration F;, and suppose that X; is a

Markov process in some state space D C R™ with a stochastic differential equation representation

where B, is an F; adapted standard Brownian motion in R™. The term & - dV; (element-by-element
multiplication) captures n mutually conditionally independent jumps arriving with intensities respec-
tively equal to the n elements of the vector [(X;) and jump sizes respectively equal to the n elements
of the random vector & defined on D.' Formally, each ith element of N; is a Poisson process with

time-varying intensity equal to the ith element of [(X;). We further assume that jump sizes £ are

@, ”

19Subsequently, a always represents an element-by-element multiplication; a “-/” represents an element-by-element
division. By assuming independent jumps, our model does not allow for exogenous co-jumps in state variables as seen in
reduced-form models (Eraker, Johannes, and Polson (2003); Duffie, Pan, and Singleton (2000)). But note that because
our model is an equilibrium one, jumps in state variables would endogenously translate to jumps in asset prices. For
example, our specific VIX model endogenously implies co-jumps in SPX and volatility, consistent with reduced-form
model specifications. Nevertheless, we emphasize that our general model remains tractable even with co-jumps in
(A.4), in which case, to derive equilibrium, one needs to modify the HJB equation (A.14) and follow our derivation
from there.
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i.i.d. over time but not necessarily independent cross-sectionally. Their joint distribution is specified

through the vector moment generating function g : C" — C™ (also called the ”jump transform”)
o(u) = Ble*]. (A.5)

We assume that all the n moment-generating functions exist such that each g;(-) is well defined for
both complex and real arguments on some region of the complex plane. We further impose an affine

structure on the drift, diffusion, and intensity functions

w(Xy) = M+ KX, (A.6)
S(XO)D(Xe) =h+ > HiXy, (A.7)
(X)) =1+ LX,, (A.8)

for (M, K) € R" x R"*" (h, H) € R™"™ x R™*"™*" ([ L) € R™ x R"*". For X to be well defined,
there are additional joint restrictions on the parameters of the model, which are addressed in Duffie
and Kan (1996). To facilitate above matrix manipulations, note that H = [Hy, Ho, ..., H,] and
Xt = (Xe1, Xt2, ., X¢n)'. We assume an endowment economy and that the log consumption supply
is always the first state variable of the economy. With a selection vector §. = (1,0,0,...,0)’, this
means

In Ct = (%Xt (Ag)

We make three additional assumptions. First, we rule out any intertemporal physical storage or
transfer of consumption goods. Second, we assume the markets are not necessarily complete. In
applying our theory, we take a pragmatic approach and assume an asset exists whenever we need
to consider it. Examples include dividend claims, long-term riskless bonds, SPX options, and VIX
derivatives, etc., which our general model keeps agnostic. However, because of the first assumption,
market clearing implies the representative agent in equilibrium would strictly consume what she
is endowed with each period C%, implying that these assets’ existences do not affect equilibrium
consumption and thus the pricing kernel. Third, for the derivation of model equilibrium, we assume
the consumption claim (a perpetual claim that exactly delivers the aggregate consumption as its
dividend each period) and the instantaneous risk-free asset always exist (see Sections A.III, A.IV

and A.V).?

20We note that all these assumptions are conventional in the endowment-based equilibrium asset pricing literature
(e.g., Abel (1999); Campbell and Cochrane (1999); Campbell (2003); Bansal and Yaron (2004); Drechsler and Yaron
(2011); Wachter (2013)).
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A.IIT Dynamic Programming

Let W denote the wealth of the representative agent and J(W, X) the value function. Because X
is a Markov process and nothing depends on t explicitly in the specifications of both preferences
and state variable dynamics, we conjecture that J is not explicitly t-dependent. Conjecture that the
equilibrium price-dividend ratio for the consumption claim is constant. In particular, let S; denote

the price of the consumption claim. Then
St
—=A A10
- (.10
for some constant A4.2! (A.9), (A.10) and a vector version of Ito’s Lemma for jump-diffusion processes

together imply

ds, 1

S—t = ((%M(Xt) + 5522(Xt)Z(Xt)'6c)dt + (522(Xt)dBt + (52 [(eg -1)- dNt], (A.11)
-

where €¢ is an n x 1 vector which ith element is €& and 1 is an n x 1 vector of ones. Recall that the

instantaneous net return on the consumption claim is

dSi+ Cy-dt dS; 1
— = — + —dt. A.12
Si- Si- A ( )
Let r; denote the instantaneous net risk-free rate. To solve for the value function, consider the
Hamilton-Jacobi-Bellman equation for an investor who allocates wealth W; between S; and the risk-
free asset. Let ay be the fraction of wealth invested in the (risky) consumption claim Sy, and let Cy
be the agent’s consumption choice. Wealth then follows the process

1 1
th = [Wtfat(éé,u(Xt) + 5(522()(02()(})/50 + Z - T‘t) + Wtfrt - Ct—]dt

+Wi- i 0LS(X)dBy + Wi-au L[ (€* — 1) - dNy]. (A.13)

Optimal consumption and portfolio choice must satisfy the following Hamilton-Jacobi-Bellman equa-

tion
1 1
sup {Jw(Wtozt (6Lp(Xy) + 55;2()(,5)2(&)’50 +2- re) + Wiry — Cy) + Jyx u(Xy)
ag,Cg
—{—ltr JXX JXW E(Xt)E(Xt), WtatE(Xt)E(Xt)’cSc
2 Jew  Jww | |Wiad!2(X) 2 (X)) W2aol S (X)) 2(Xy) s

*Tndeed, as pointed out in Wachter (2013), the fact that S;/C; is constant (and equal to 1/8 actually, which we will
verify) arises directly from a unit IES, and is independent of the details of the model. See also Weil (1990).
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+E§1 [J(Wt + Wio (6gl — 1) , Xt71 + fl, Xt7_1)} ll(Xt)
+ Z Ee, [J(Wy, Xpi + & Xe—i) | i(Xe) — J(We, X))V U(Xy) + f(Cy, T (W, Xt))} =0, (A.14)
=2

where J; denotes the first derivative of J with respect to ¢, for 7 equal to W or X, and J;; the
second derivative of J with respect to first ¢ and then j. The dimensions of all resulting matrices
are well understood. For example, Jx is an n x 1 vector. The operator ¢r() represents the trace of
the operated matrix. Note that the instantaneous expected change in the value function is given by
the continuous drift plus the expected change due to jumps to state variables. The effects of jumps
are not symmetric: jump to consumption affects J through both W and X, whereas jumps to other

state variables affect J only through X.

A.IV Value Function

In equilibrium, risk-free asset market clears: «; = 1, and the consumption claim market clears:

C; = A71S, = A~'W,. Substituting these policy functions into (A.14) implies
1 1
T W (5gu(xt) + 5<5;z<)g)2(xt)'50) + (X)) + 5ztr(JXXE()Q)EQQ)' + WtJXW(s;z(Xt)z(Xty)

1 1
5 T DX E(X0) G+ S WE Twrw 68X B(X0) S + By [J(Wee®, X + &1, Xe )] 1 (X0)

n

+ 3 B [T(Wi, X + &, Xo ) |11 (X0) — T(We, X)VIU(Xy) + f(AT Wi, J(Wh, X)) = 0. (A.15)
=2

Conjecture that the solution to this equation, the equilibrium value function, takes the form

Wi

W, X) = T—

I(X). (A.16)

It is helpful to first solve for the wealth-consumption ratio prior to solving for I(X). By definition

F(CV) =51 =)V (InC —

In((1 —~)V)). (A.17)

Therefore,

fe(CV) = 81— 7)Y

o (A.18)
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The F.O.C. fo = Jw, together with the derivative (A.18), the conjecture (A.16), and the condition
that in equilibrium J =V, imply

Wiy 1
I(X
1—7 ( )A_1W

A=) = WI(X).

Solving for A yields A = 371, i.e., W;/C; = 1/3. Having obtained the wealth-consumption ratio, we
next solve for I(X). It follows from (A.17) that

FIBW, IV, X)) = BW'1(X) (n(BW) = = (W' 1(X)))
— AW I(X) (0B - lnij_()i))) (A.19)

Now substituting (A.16) and (A.19) into (A.15) yields

X0 (B (30) + 5OUR(X0R(X0)60) + 7= I (K)u(X)

—I—t(l
"\1

- 7IXX(Xt)E(Xt)Z(Xt)’ n IX(Xt)agE(Xt)z(Xt)’)

%IX(Xt)'z(Xt)z(Xt)'ac - %yl(Xt)déE(Xt)E(Xt)dc

*1—17% [ DEI(X + 8- )] () + 1; S B [1(X0 + 6 - )]1(X0)
=2
_1171()(,:)1/;()(,:) +BI1(%,) (1 - 1“(1[()2))) o, (4.20)

where §; = (0,...,0,1,0,...,0)" denotes a selection vector for the ith state variable. Conjecture that

a function of the form

I(X) = ett'X (A.21)

solves (A.20). Then
Ix(X) = bI(X) (A.22)
Ixx(X) = b I(X). (A.23)

Substituting (A.21) through (A.23) into (A.20) implies

1 1 1 1
FLpu(X) + 5O T 0o+ T (X) + 5tr<1 WS + bagz(xt)z(xt))
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1 1 1 1
+§b/E(Xt)Z(Xt)/5c - 5’}’6£Z(Xt)2(xt)/(sc + 1 701(1 — v+ b))l (Xe) + ﬁ lz:; 0i(bi)li(Xy)
1 ’ a+ b/Xt .

Using equations (A.6) through (A.8) to rewrite p(X;), X(X;)X(X:)" and [(X;), and making use of
the property of the trace of matrices that tr(AB) = tr(BA) whenever both AB and BA are defined,

yield an equation linear in X
! ]' ! !/ ]' /
B (M+KXe) + 5 (5Ch50 + (8.H36.) Xt> Fr V(M KX

1 1 1
o (Vhb+ (W HDYX,) + 5 (b + (LHDY X,) +

! ! /
3T (0unb + (0, Hb) X, )

1
2

0% 1
~ 5 (00hde + B8 X ) = (o1(1 =5 b1) = 1 (b)) 20 + LX)

- - ,y) P yx,—o (A.25)

1—x

1 / 1 /

Collecting terms in X; results in the following equation system for b

%b’Hb + (K4 (1 = 9)0LH — diag(8) )b+ L'e(®)

1— 2
(o1 = 7 +b1) = 01(br)) e + (27)5;1[150 (1 —PKS.—L1=0,  (A.26)

which is a system of n equations for n unknowns (b1, by, ..., b,). The system depends on the moment
generating functions of the jump sizes, o(-), and admits an explicit solution only in special cases.
There are at least two cases in which (A.26) collapses into a quadratic equation system in b and
can be easily solved with a relatively low dimension of n. First, if there are no jumps with state-
dependent intensities, then L = 0. Second, if there is a jump only in consumption while the jump
intensity does not depend on consumption itself, then one can also verify that (A.26) becomes a
quadratic system. In many other cases, including our VIX model considered in Section 4, we solve

these equations numerically.

While multiple solutions to (A.26) possibly exist, there are at least two ways to choose among
them. First, Tauchen (2011) suggests choosing the solution which approaches a non-explosive limit as
coefficients associated with X; in 3(X;)X(X;)" approach zero (see equations (C.9) and (C.10) below).
Second, Wachter (2013) suggests one can choose the solution that makes economic sense under a

simple thought experiment. One such strategy can be to consider that jump size is identically equal
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to zero while the jump intensity is not. Because essentially those jumps should have no economic
consequence, the value function should somehow reduce to its counterpart under the standard diffu-
sion model. Collecting constant terms in equation (A.25) results in the following characterization of

a in terms of b

0= /13{«1 )8 B Mot 3 (1= )3+ B)'B((1 — 7)dc +b)
(o201 =5 +51) — 216+ 0(b) ~ 1) T+ (1~ 7)8Mm . (A.27)

Equations (A.16), (A.21), (A.26), and (A.27) and the relation W;/Cy; = 1/ together fully char-
acterize the equilibrium value function. Because in most settings v > 1, equations (A.16) and (A.21)
imply that state variable X; with a positive (negative) associated coefficient b; would be negatively
(positively) correlated with the value function, i.e., negatively priced. As shown in Section A.VI, the

equilibrium prices of risks for X; can be summarized by the following n x 1 vector
A =70, — 0. (A.28)

Intuitively, except for log consumption, any state variable positively (negatively) correlated with the
value function commands a positive (negative) market price of risk. Because log consumption affects
the value function additionally through W, its market price of risk has an additional term ~. Now if
v =1=1/4, the Duffie-Epstein preferences collapse into the familiar CRRA preferences, and thus,
as one can easily verify, (A.26) admits b = (0,0, ...,0)" as a solution and from (A.28) A = (v,0,0, ...,0),
which means only innovations to consumption are priced. Therefore, while consumption is the only
priced factor in CRRA utility models, Duffie-Epstein preferences imply that all state variables are
potentially priced.??

A.V Risk-Free Rate
Taking the derivative of (A.14) with respect to portfolio choice a; and setting it to zero imply

1
(séM(Xt) + 55;E(Xt)E(Xt),(SC + 5 — T + b,E(Xt>E(Xt)/5C — ’YOZt(SéE(Xt)E(Xt)/(SC

221t is known that, for a state variable to be priced, it ultimately has to influence consumption in some systematic
way. However, we emphasize that since our framework delivers exact solutions via a guess and verify method, one can
always include a state variable that one suspects should be priced as part of X;, say X;,, and solve equation (A.26) to
check whether it is priced or not, that is, whether b; # 0.
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+Be [(1+ ag(ef — 1)) 77 (e8 = 1)e8 1 (X;) = 0. (A.29)
Evaluating the above equation under equilibrium condition oy = 1 and rearranging yield

re =B+ Ou(X) + <% — NEB(X)B(Xe) be + 0 [(e(b+1 =) — (b =) - 1(X1)]

CRRA Preferences (A?)O)
+ 0N (X)E(Xy)'D
—_—

Duffie-Epstein Preferences

The terms above the first bracket in (A.30) arise even if we assume CRRA preferences. (3 represents
the role of discounting, &,4(X;) intertemporal smoothing, and (3 —~)8,%(X;)%(X;)'d. precautionary
savings due to diffusion risks in consumption®. 4.[(o(b+1—~) — o(b — 7)) - [(X¢)] represents the
representative agent’s response to jump risks in consumption. Suppose the jump size for consumption
is always negative, ¢} (-) < 0, then p1(b+1—1) — p1(b— ) is negative regardless of b. Intuitively, an
increase in the probability of a downward jump in consumption, /;(X;), increases the representative
agent’s desire to save and thus lowers the risk-free rate. The term above the second bracket in
(A.30) represents the representative agent’s saving motive response to risks in the economy that
would only arise under Duffie-Epstein preferences. §.%(X;)X(X;) captures the comovement between
the diffusion in consumption and that in each state variable, while b determines the sign of the
influence of each state variable on the marginal utility of consumption. Multiplication of them, if
positive (negative), summarizes an additional aspect the representative agent likes (dislikes) about
the diffusion risks in the economy. To better understand this point, think about volatility as the
second state variable. Assume that the comovement between consumption and volatility diffusions
is negative, i.e., (0.X(X)X(X¢)")2 < 0, and that volatility positively (negatively) affects marginal
utility (utility), i.e., bo > 0. Multiplying them would yield a negative push on the risk-free rate.
Intuitively, because the times at which consumption is low are also times at which volatility and
marginal utility are high, the representative agent dislikes and wants to avoid being impacted by this
source of diffusion risk. She will thus have another precautionary saving motive, which pushes down

the risk-free rate.

A.VI State-Price Density

Calculation of equilibrium prices and rates of returns is simplified considerably by using the state-
price density and the induced risk-neutral measure, which reflect the equilibrium compensation the

agent requires for bearing various risks in the economy. Unlike time-additive preferences, recursive

Z3Here, % arises from applying Ito’s Lemma and working with log consumption, which is quantitatively not important.

70



preferences imply that the state-price density depends explicitly on the value function. In particular,
Duffie and Lions (1992) and Duffie and Skiadas (1994) show that the state-price density associated
with the preferences in (A.1) and (A.2) is equal to

T = exp{/ot fV(Cs,V;)ds}fc(Ct,V;), (A.31)

where fo and fi denote the derivatives of f with respect to the first and second argument, respec-
tively.2* To derive the state-price density explicitly, substitute Wy = f~1C; and (A.21) into (A.16).
Then taking (A.16) into (A.18) and taking the partial derivative of (A.19) with respect to V yield,
respectively,

fo(Cr J(W(Cy), Xy)) = BYC; Vet (A.32)
fv(Cr, JW(Cy), X)) =B —~)In B — Ba+ b Xy) — B. (A.33)

Finally, substituting (A.32) and (A.33) into (A.31) and noting In C; = 0.X; yield

t
m = B7 exp {nt — Bb'/o Xds +a+ (V — ’yéé)Xt}, (A.34)

where n = (1 — ) In 8 — fa — . Applying Ito’s Lemma on (A.34) then implies

d /
T ppadt + (V) — 46))S(X,)dB, + (e(b_75C)'5 - 1) N, (A.35)
7Tt7
where
1
firg =1 — B Xy 4+ (b — 0, u(Xy) + 5(5' — 0) B(X)5(Xy) (b — voe). (A.36)

Alternatively, given the form of the risk-free rate in (A.30), we can solve for pi,; following a familiar

rsds

no-arbitrage argument. As no-arbitrage implies that melo is a martingale, E; [al(7rt€ft;s rsds)] must,

be zero. Using Ito’s Lemma, we can obtain

g = —1¢ — (0(b — ~6c) — 1)/l(Xt). (A.37)

24Section 6 of Duffie and Skiadas (1994) shows that three conditions are required to make the above statement. First,
our aggregator function f(C,V) (equation (A.2)) is continuous so it is progressively measurable. Second, as argued
in Duffie and Epstein (1992), though our Kreps-Porteus aggregator f(C,V) is a typical example that does not satisfy
the Lipschitz condition, the existence of the stochastic differential utility V; and the legitimacy of a pricing kernel as
in (A.31) are proved by PDE methods in a Markov setting by Duffie and Lions (1992) under a growth condition in
consumption. Third, the growth condition requires there existing a constant K such that f(C,0) < K(1+ |C|) for all
possible C, which is trivially satisfied as from (A.2) f(C,0) = 0 for all C' > 0 (since we specify dynamics of In Cy, C; is
always positive) noting that limy oV InV = 0. Therefore, our general theory does not place any specific restrictions
on state variable joint dynamics beyond its affine structure. We thank an anonymous referee for asking to check these
conditions.
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Making use of (A.27), (A.26) and (A.30), one can verify that (A.37) is equivalent to (A.36). We now
define
Ay = DX, (A.38)

where, recall (A.28), A = 7d. — b determines the market prices of risks in the different components
of X; such that if \; = 0 then innovations to X;; are not priced. \; is related, through g;(-), to the
price of jump risk with jump size &; in the ith state variable. A;; is literally the total price of the

Brownian motion risks associated with X ;.

In Appendix B, we prove a convergence result: the equilibrium state-price density in (A.34)
is an ITES — 1 limit of the more general state-price density approximately solved in Eraker and
Shaliastovich (2008), thanks to the similarity between the state variable dynamics used in the two
papers. Equivalently, the error in the log-linear approximation in that paper vanishes as the IES
approaches one. We derive our model following different methods than Eraker and Shaliastovich
(2008), but we will discuss the similarities in the IES=1 case. The benefit of focusing on this special
case is that the equilibrium becomes tractable and not subject to any approximation errors, without

losing any desirable features of recursive preferences.

A.VII Risk-Neutral Measure

With the state-price density at hand we can price assets with arbitrary state-dependent payoffs. It
is sometimes more convenient, and even necessary, to work with state variable dynamics under the
risk-neutral measure induced by the state-price density m;. The following theorem is a generalization
of Proposition 5 in Duffie, Pan, and Singleton (2000) (proof follows the same vein) to the settings of

our model.

Theorem A.1l. Under the risk-neutral measure Q) induced by the state-price density m; the state

variables follow

dX; = (M@ + K9X;)dt + 2(X,)dBE + ¢9 - dNE, (A.39)
where
MY = M — hA (A.40)
K@ =K—-HX (A.41)
dBY = dB; + Aydt (A.42)
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defines a Brownian motion under the risk-neutral measure.

The Q jump-arrival intensities are given by

19(X,) = 1(X) - o(—N)- (A.43)

The Q jump-size densities are characterized by the vector moment generating function % : C* —
(CTL
0%(u) = E9[e"] = o(u — A)./o(=N), (A.44)

where element-by-element multiplication and division are respectively performed in (A.43) and (A.44).

Notice that if A; = 0, then there is no difference in the P versus ) jump measures, and market
prices of both diffusion and jump risks associated with X; are zero. This is another intuitive illus-
tration of why A\ summarizes the market prices of risks related to the diffusions and jumps in the

economy.

The jump intensity is greater (smaller) under the equivalent measure ) whenever X is negative
(positive). Typically, we cannot say much about the relationship between jump sizes under @ and
P, except for a special case in which the jump size is exponentially distributed. Suppose & is
exponentially distributed with mean denoted by E(€). Intuitively, one can construct the following
reward-to-risk ratio vector, which, though a bit too simple, can be an illustration of the equilibrium

compensations for jump size risks
AT = (B (€) = E9(€))./Std"(€) = 1 — o(=\). (A.45)

It is easy to see A;»]ump and ); have the same sign, implying that the mean of ¢ is adjusted upward
(downward) under () measure for negatively (positively) priced state variables. However, although
tempting, it is somewhat misleading to coin this measure a market price of jump risk, which is
characterized, and thus priced, not only according to its mean and standard deviation but also

higher-order moments.
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A.VIII Contribution of the General Model

The general model presented in this section is an endowment-based equilibrium model with (i) clearly
stated affine state variable dynamics and (ii) precisely characterized equilibrium value function, risk-
free rate, prices of risks, and risk-neutral state dynamics. In contrast, Duffie and Epstein (1992),
Duffie and Lions (1992), and Duffie and Skiadas (1994) define and characterize utility function on an
exogenous consumption process without assuming affine state dynamics; thus, equilibrium risk price
is not solved, that is, their terminal result is equation (A.31). Duffie, Pan, and Singleton (2000) do
not take a stance on investors’ preferences and impose an exogenous state-price density. In other
words, market prices of risks (A.28), state-price density (A.34), and risk-neutral dynamics (Theorem
A.1) are uncharacterized in DE92, DL92 and DS94, exogenous in Duffie, Pan, and Singleton (2000),
and endogenous to investors’ preferences and endowment dynamics in our model. Our theory has
not only ready, wide asset pricing applications (e.g., our VIX model in Section 4) but also nests
several existing applied models in the literature as special cases (e.g., Benzoni, Collin-Dufresne, and

Goldstein (2011); Wachter (2013); Seo and Wachter (2018)).

Appendix B. Proof of Convergence of State-Price Density

Eraker and Shaliastovich (2008) solve a general equilibrium pricing model with an affine jump-
diffusion structure for the state variable dynamics identical to those we use and a continuous-time
limit of the discrete-time Epstein-Zin preferences. Because there is generally no closed-form solution
to that model when the IES parameter is different from one, they also use a continuous-time limit of
the log-linear approximation (see Campbell and Shiller (1988)) to maintain model tractability. We
prove that the state-price density exactly solved in our paper is an [ES — 1 limit of the state-price

density approximately solved in Eraker and Shaliastovich (2008).2°

Proof. To this end, first note the relation between the time preference parameter § in this paper and

0 in their paper
1-6

=3 (B.1)

Because the affine structures for state variables are identical between both papers, the difference in

the state-price densities can only arise from the difference in A, which completely determines the

Z5Eraker and Shaliastovich (2008) start with the discrete-time model and try to see what the log-linearization equation
and the pricing kernel become as the time interval shrinks from one to infinitesimal. Although such extensions have been
widely used, people do not know how precisely they work in continuous time. Our convergence result and continuity
show that it is accurate if the IES parameter is close to one.
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market prices of various risks in the economy for both papers. The A in Eraker and Shaliastovich
(2008) is given by
A=70.+ (1—-0)x1B, (B.2)

where v, 6. and 6 have identical interpretations as in our paper, k1 is the slope coefficient in log-

linearization with an expression given by

oEn(S:/Ct)

T 1 4 eE(S/Ch) (B-3)

K1

and B is the coefficient associated with X; in the approximately solved equilibrium wealth-consumption

ratio

2L — A+ B'X,. (B.4)

Because it has been shown that 2t = 1 when ¢ = 1, to prove convergence the only possibility is
Ct B

% = % +0(1) as v» — 1. Tt follows from (B.3) that

oy = 1+15 +o(1) = 8+ o(1) (B.5)

and from (B.4) that B = o(1). It then follows that as ¢ — 1

A =0, — 0k, B + k1 B
= 0. — k1B + 0(0K1 B)
=8, — 0k1B + 0(06B) (B.6)
= 8. — (08B + 0(03B)) + (05 B)
= 0. — 5B + 0(05B),

where the first equality follows from (B.2), the second from the fact that 6 = 1:7 5 oo as P — 1,
and the third and the fourth from (B.5). Note because B — 0 and § — oo as ¢ — 1, it is possible
that A approaches a well-defined limit, but when it does, from (B.6) the limit can only be

. — lim 00B
v0 Jm

= 70 — ilgll (x — (1 =7)d) (B.7)
=0c — ilinl X
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where the second equality follows from the definition of the vector y in Eraker and Shaliastovich

(2008). Therefore, it follows from comparing (A.28) with (B.7) that what is only left to show becomes
56—1})1311)(:750—17
or

lim x = (1 —~)d. + b. (B.8)
PY—1

Let’s reproduce the equation system that x solves, equation (2.12) in Eraker and Shaliastovich (2008)

1
K'x = 6(1 = 1) B+ X' Hx + L' (e(x) = 1) =0, (B.9)

x—(1—7)

which after we substituting in a rearrangement of the definition of y, 6B = o 56, becomes

1 -k

(X = (1= 7)) + Sx'Hx + I (0(x) — 1) = 0. (B.10)

]C/
X K1 2

Therefore, to show (B.8), by continuity we only need to show that x = (1 —~)d.+ b solves the ¢ — 1
limit of equation (B.10), which is

K'x = B(x — (1 —7)dc) + %X’HX—FL/(Q(X) —-1)=0. (B.11)

This is actually true since we exactly reproduce (A.26) after substituting x = (1 — )d. + b into
(B.11).

The above argument together establishes that whenever there is a solution A(¢)) in Eraker and

Shaliastovich (2008) one can find a solution A of our model which it converges to as ¢ — 1. O

Appendix C. Solutions to the VIX Model

C.I Value Function and State-Price Density

Define X; = (InCy, 07, \¢) and B; = (BY, BY , B})'. Tt follows that the process for X; is equivalent
to

dX; = (M +KX)dt + 2(X)dB; + € - dNy; M = (u, V0V, k16*) (C.1)
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0 —3 0 o 0 0 5

K=10 =¥ 0 |; 2X)=1{0 ovo; 0 [|; SX)B(X) =h+> HiXy; (C2)
0 0 - 0 0 ok =
0 1 0
h=H, = 0 . Hy = ol . Hy = 0 (C.3)
0 0 o3
5 - (Oaé-V)O)/; dNt - (O)dNt7 0)/7 Q(u) - (O) Q(UQ)a 0)/’ (04)

and the jump intensities are summarized by

0 0O
(X)) =1+LX; 1=(0,00; L=10 0 1|. (C.5)
0 0O
Define b = (b1, ba, b3)’. Then (A.26) implies that b should solve
—Bb; =0 (C.6)
L 9.9 1% 1
50vhs — (" + B)b2 + 57(7 -1)=0 (C.7)
1
50353 — (KM 4 B)bs + o(bg) — 1 = 0. (C.8)
It follows from (C.6) that by = 0, and from (C.7) that
(5 +8) £ /(5 + 82 — o2y — 1)
by = 5 . (C.9)

Oy

Here we follow Tauchen (2011) to choose the negative root in (C.9), since otherwise by would explode

as oy — 0. Then (C.8) implies

e oY 2 _ 942 -
- +8) £,/ +6)2 - 2040 - 1) 10
X

Once again we choose the negative root in (C.10). After solving out b we apply (A.27) to obtain

a= ;{(1—7)(u+ﬁln6)+b2nV0V+bgﬁ)‘9/\}. (C.11)

Then apply (A.30) to obtain the risk-free rate

re = ®g + P X, (C.12)
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where

Qo=p+p 1= (07 =7 0)/ (013)
Applying (A.35) then implies the state-price density obeys

d?Tt

— = —rydt — AjdBy + (e — 1)dN; — M E[e?*V — 1]dt (C.14)
T—
A; = [yor, —baov oy, —bzoay/ M. (C.15)

Using Theorem A.1, the evolution of the state variables under the equivalent risk-neutral () measure

induced by the state-price density is given by

dX; = (M@ + K9X;)dt + 2(X)dB2 + ¢2 - dNF; MO = (u, V0V, 10N (C.16)
0 —i-n 0 dBF° dBE
K =10 —k" 4 by 0 ; dBP = |dB)?| = |dBY | + At (C.17)
0 0 — KA+ b3o? dB9 dB}
0 00 0 0
9(X) =19+ LOX; = |0] + [0 0 o(by) | Xui o%(u) = | 2iztsel ) (C.18)
0 00 0 0

C.IT1 Equity Price

In order to price the dividend claim, we need to compute the discounted characteristic function
Qg(u,Xt,T) evaluated at u = (¢,0,0)’, which, as shown by Duffie, Pan, and Singleton (2000), is
equal to e Xt with a(r) and B(7) solving the following ODEs

Riccati Equations for Discounted Characteristic Function

Br) = @1 +K¥5(r) + 5V HA() + L (o2(5(r) ~ 1) (€19)

&(7) = B0 + M B(r) + 2B hB(r) +19 (2(5(r)) ~ 1) (C.20)

with boundary conditions «(0) = 0,3(0) = (¢,0,0)". Given the risk-neutral parameters above, the
ODEs become
Bi(r) =0 (C.21)
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Bo(r) = 5oR BR(r) + (oot — wV)Ba(r) + 5 B3(T) — (5 +M)a() + (C22)
Bs(7) = %Ufﬂg(ﬂ + (b3ox — £1)B3(7) + 0(Ba(7) + b2) — o(b2) (C.23)
A1) = =B — p+ pBr(r) + V0V Bo(1) + K02 B3(7). (C.24)
Together with boundary conditions, (C.21) implies
Bi(r) = ¢, V. (C.25)

Then as long as 1 < ¢ < 2 the solution to (C.22) takes the following closed form

2(¢ — 1)(y — 3¢) (1 — e77)

B?(T) = (77¢ + 620‘2/ - /<;V)(1 _ @*%’77) _ 277¢>

(C.26)

where

g = \/(b20\2/ —&V)2 420 —1)(y - %qb)ai- (C.27)

Note that since 1 < ¢ < 2v the term inside the square root is guaranteed to be positive. Moreover,
Ny > |baoy, — kY| = byop — kY, implying that the denominator (ng + byoy — £V)(1 — e 77) — 21,
is strictly negative for all 7. The above arguments establish that f3(7) < 0 for all 7. Noting the
similarity between the forms of equations (C.22) and (C.23), it then follows that a similar argument
as above can establish that 83(7) < 0 for all 7, as long as o(B2(7) + bz) — 0(b2) < —e¢ for all T for
some € > 0. But the latter is actually satisfied since f2(7) < 0,V7 and () is an increasing function.
We have shown that [2(7) < 0,83(7) < 0 for all 7. This is important because the sign of f2(7) and
B3(7) respectively finally determines how the price-dividend ratio G(o?, \;) responds to o? and ).
The fact that Ba(7) < 0, 83(7) < 0 for all 7 implies that G(o?, \;) is decreasing in both ¢? and )
(recall (28)). This completes the proofs of propositions 1 and 2. Generally, (C.23) and (C.24) do not

admit closed-form solutions, which we solve numerically.

C.II1 Equity Premium

We solve for the equity premium analytically. A familiar no-arbitrage condition on the equity market

is that the discounted gains process m; P, + fg msDyds is a P-martingale (for its derivation, see e.g.,
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T Py +f0t s Dg ds)

Appendix A.IV. of Wachter (2013)). It follows that the drift term in Et[d( — % | is zero.
P
Using Ito’s Lemma, this implies
G G
,U7r7t + ,UD7t [¢Jt, 0’\/015, 0’)\\/ At —|‘ ! V O'tz) + ?QHA(Q/\ — )\t)
1Gi1 5 o, 1Gyp 2 Dy- boty G (07 +&v, )
—— A+ —— /\E[ 25"—’—1 =0, C.28
+5 G VO T 55 OA t+Pti+ GO N (C.28)

where pr; and pup; represent respectively the drift term in zﬂ and %. Use ppy to denote the
t— t—

drift term in j‘ip which, when Ito’s Lemma applied upon, implies
t

D, G G
upt-l-P— - = ,LLD¢+MW¢+é/ﬁ;v(ev—of)%—iﬁ/\w)‘—/\t)
—

1Gq1 2 1 Gy 9 D;- 3137%
+-——0 _|_,7 + — + -1 .
5 G 5 G oY - )\E[ ], (029)

where we have used (A.37) to substitute r;. Rearranging (C.28) properly and then substituting into

(C.29) give rise to the expression for the equity premium conditional on no jumps occurring

G(UtQ + gV? )‘t)

g - @

D,
ppyt+ 5 = Te= [¢at, “Lovor, 0’)\\/>]At+)\t { bty (] —
a

After accounting for the expected percentage change in equity price if a jump to volatility occurs,

we obtain the population equity premium as

G(o? + &y, A
rte — Ty = J}’,tAt + )\tE|:(eb2£V — 1) (1 — W)] (C?)l)
to
where
opy = [¢0’t, UvUt, 20)\ )\t]/- (C.32)

C.IV Equity Price Dynamics under Q

We solve for the dynamics of the log equity price under the @ measure. Ito’s Lemma implies that

under P measure

dP; G1 Go 1Gn 1 Ga2
i — (ND,t + ?/{V(QV — 0'152) + 5/41)\(0)\ — )\t) + 5?0'\2/0'? + §?U§\>\t>dt
2
A
+0'p,dB; + opdBP + [G(Ut ESV’ I 1)dNy, (C.33)
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where pip ¢ denotes the drift term in dDD t. It follows again from Ito’s Lemma that (after some algebra)

G 1 G G2 1 Gy G3
T AL RO

1 G
din P, = (¢(M—*Ut)+MD+71HV(9V—U?)+ e

2 G
G(Utz —+ §V7 )‘t)

'>.dB dBP +1
ForedBt B [ G )

dN;. (C.34)

By plugging in the expressions for the diffusions under ) measure in equation (C.17) into (C.34)
and replacing & and Ny with their counterparts under @), we recover the dynamics of the log equity
price under @) as

G
KV (0Y — 07) + 2 kM0 — Ne) — oy Ay

1 Gy
dIn P, = (6(n = 507) + o + o =

S(2A Z22 2 B BP 41 [L LSV TGN @ (.
S (= Zobet+ (2 G2) o3 )dt + 0 dBE +opdBP +1n | GoT g Jane. ()
C.V VIX

By definition, VIX?(X;) = Var? [ln PtH/lg] Vart [ln PtJr ] + 1/120D, where we have separated
12

the dividend idiosyncratic risk out and
InP = ¢InCs + gio? + g5\ (C.36)

denotes the portion of the log equity price that only involves systematic risk. The conditional

cumulant generating function for In P, +1/12 1s given by

®(u) = In BP0 Prvi iz (C.37)
= In EQe"Nx Xev1/12 (C.38)
= a(ulx,t,t+1/12) + B (ulx, t,t + 1/12) X; (C.39)
where
Ax = (6,91,93)" (C.40)

Therefore, using the property of the cumulant generating function, we see that VartQ [ln 15t+1 /12] =
ai/12+b1/121n Ct—i—cl/lzaf—i—dl/lg)\t, where ay /12, b1/12, ¢1/12 and dy /12 are the second derivatives w.r.t.

wof a(ulx,t,t+1/12), B1(urx,t,t+1/12), Ba(ulx,t,t+1/12) and Bs(ulx,t,t+1/12) evaluated at
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u = 0, respectively. Under appropriate technique conditions (see Duffie, Pan, and Singleton (2000)),
let «(7), B(T) solve

Riccati Equations for Cumulant Generating Function

Br) = K9 B(r) + 5BV HB() + L9 (62(5(7)) ~ 1) (C.41)

a(7) = MY B(r) + LAY RE() +19 (2(5(r)) — 1) (C.42)

with boundary conditions «(0) = 0, 8(0) = uAx. Then a(ulx,t,t+1/12) = «(1/12) and B(uAx, t, t+
1/12) = B(1/12). It turns out those ODEs are

Bi(r) =0 (C.43)

Ba(r) = SOHBT) + (baot — w¥)Ba(r) + 52T — (5 + 1)) (C.44)
53(7) = %J/Q\Bg(T) + (b30§\ — /f)‘)ﬂg(T) + Q(52(T) + bg) — 0(b2) (C.45)
() = ubi(r) + £"60" Ba(7) + £20* B3 (7). (C.46)

Together with boundary conditions, the solutions are

Br(T) = ug, VT (C.47)

Bo(r) = 5ot BA(r) + (oot — 5V )Ba(r) — Su(27 +1— ug) (C.49)
Ba(r) = %aiﬁ%(ﬂ 1 (bs0? — #N)B3(1) + o(Ba(r) + b2) — olb) (C.49)
a(t) = pou + £V 0Y Ba (1) + K107 B3(7). (C.50)

Here f31(7) has a closed-form solution, while B2(7), 33(7), a(7) do not.?¢ It follows immediately from
(C.47) that by /15 = 0, i.e., VIX does not explicitly depend on current consumption. Finally, we can

write Var)f2 [1n ]3t+1 /12] as an affine function in o and A\

Var? [ln Pt+§] =ay/12 + 01/120? + dy /12, (C.51)

2635(7) does actually admit a closed-form solution. But due to its complication, we numerically solve it
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where both ¢;/15 and dy /15 can be shown to be positive coefficients. And

1
— 0} + G112 + 11207 + di 12\ (C.52)

IX%(X
VIX™(Xy) = 12

For notational convenience, we compound the two constant terms in (C.52) and denote it as a, /12-

It follows that

VIX(Xy) = \/a1/12 + ¢1/1207 + di /12 (C.53)

C.V1 VIX Futures Pricing

The challenge in computing VIX futures price FVIX (X¢;7) is to properly deal with the square root
in the expression of VIX. We adopt the numerical integration method in Appendix A.4. of Eraker
and Wu (2017)

FVIX(Xy,7) = ER[\JVIX,]

1 _ EQ _SVIXt+T]d
2\f 372 S

B ©1_¢ 111/128Elf’2 [6*3(0»01/127d1/12)/Xt+-r]
N Q\f s3/2

1 oo 1 . e—a]_/1286a(S7T)+ﬂ(S,T)/Xt
_ d
Qﬁ /0 g3/2 5

]. > El s s !
— ﬁ /_Oo 6_5/2(1 — e~ a1/12¢" g€, T)+B(ef,7) Xt)ds_

ds (C.54)

o0 1—e 8T

The second equality follows from a mathematical result \/z = 5 \F f 577 ds and Fubini’s theorem
to switch expectation and integral. The third equality follows from the expression of equilibrium VIX-
squared (35). The fourth equality follows from the definition of the (undiscounted) characteristic
function, where a(s,7) and (s, 7) are the solutions (evaluated at 7) to the ODE system (C.43)
through (C.46) with boundary conditions a(0) = 0; 8(0) = (0, —c; 125, —d1/125)". The last equality
follows from a change of variable to make the integrand bell shaped for easier numerical computation.
To see the above mathematical result, consider a normal random variable with mean zero and

standard deviation s/v/2. Obviously, we have

+00
g [Tl 3
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or

or

VERN
¢/Hm j
¢/¥w ds
e

PPN B S AN Y N
- e >$0 = [ a—emgs

001—6 s
“arl e

where the second line follows from a change of variable t = x+/s, and the fourth an integral by parts.

C.VII SPX Option Pricing

Before pricing VIX options, we first price a (European) SPX option, which value in the current model
is homogenous of degree one in SPX. To facilitate computation, we divide the standard no-arbitrage
option pricing equation through by SPX for a normalization. Specifically, let PSPX (X¢, 7, K) denote
the normalized price of an SPX put option with maturity 7 and normalized strike K. No-arbitrage

then implies

T +
PSP (X, 7, K) = B [ 1T (K — Py /)| (C.55)
N (S Pf)w . (C.56)
Using the Parseval identity (a theorem saying that the payoff function for an option stays unchanged

under first a generalized Fourier transform and then a reverse generalized Fourier transform; see e.g.,

Lewis (2001)), we have

, +
PSPX(Xt,T, K) _ EtQ [6_ fttJr rudu <K _ elnPtJrT—lnPt) } (0‘57)
_ iEtQ |:/ZZH_OO e tt+T rydu —zz(lnPt+T—lnPt) ( )dZ (058)

27 12; —00
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where the generalized Fourier transform of the payoff function of the option (K — e*)" is given by

+oo
&(2) = / ¢ (K — ") Tda (C.59)
Kiz+1
=5 (C.60)

for z; = Im(z) < 0 (we restrict the imaginary part of z to be negative because, as one can easily
verify, the integral in (C.59) exists if and only if Im(z) < 0). Then, taking the expectation operator
inside the integral in (C.58) yields

1 eri‘OO T . K12+1
PSP (X m K) = — - EQ [e‘ ;o "udue—wUnth—mPﬁ} ——dz (C.61)
T Jizi—o0 VAl ¥4
1 tzitoo p Kiz+1
= —27 e’LZ(lﬂPtfﬂDT)iéo'QDZQTQ?(( o iZ(¢, gT’g;)/’ th T) -~ : d2,’7 (062)
™ 12; —00 ze — 1z

where the integration is performed on any a strip parallel to the real axis in the complex z plane
for which z; = Im(z) < 0. The second line follows from the definition of the complex-valued
discounted characteristic function given in (27), equation (33), and the definition of In P; given in
(C.36). For z; = Im(z) > 1, (C.62) is also the pricing formula for an SPX call option with maturity
7 and normalized strike K, which follows from the well known fact that the generalized Fourier
transform of the payoff function of SPX call option (e — K)* is also given by (C.60) but with
zi = Im(z) > 1 (See Lewis (2001)). Using integral variable substitution x = z — z;i, we obtain a

numerically implementable pricing formula as

1 400 Kl—Zi +x1

(z + zi8)(x + (2, — 1)3)
(C.63)

where we only need to take the real part of the complex-valued integrand because SPX put price is

75 Re [6—(zi—zi)(ln Ist—,ttDT)—%chD(x+izi)2q—Q§2( ((Zi*l‘i)(qb, QT, g;)/7 th7 7_)
—00

theoretically guaranteed to be real.

C.VIII VIX Call Option Pricing

Unlike an SPX option where normalization is convenient, it is more convenient to directly compute
the VIX option price without normalization since there is no homogeneity property. No-arbitrage

implies that the price of a VIX call option with maturity 7 and strike K is given by

CVIX(X,,1,K) = E? [e_ ST rudu (VIXt+T - K) T (C.64)
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t+7

= EtQ [e_ t T“d“(\/al/lg + €1/1207 1+ + di 1o Aegr — K) +]. (C.65)

Using the Parseval identity, we obtain

— [Ty du +
CVIX (X, 7, K) = E? [6 Ji T rud (\/a1/12 + 112077 + dijrader — K) } (C.66)
12;+00
- 2iEtQ [ / e~ JT rudug=iz(arnater 1208 by 12 A ) gy )dz} (C.67)
™ 12; —00

where the generalized Fourier transform of the payoff function of the call option (\/:? -K )+ is given

by

+oo
w(z) = / e (vx — K)tdz

—00

:/+Ooei“(f—K)d:z:

K2

+oo +oo
:/ e \/xdr — K e dx

K2 K2
+o00
— l \Fdezzr _ K zzm too
K2 ’iZ r=K?
+o0
— 7\/’61,21‘ _ l szdf zzx +oo
z=K? 12 Jge r=K?2’

where in the last line, we have used integral by parts. Functions in the first and third terms evaluated
at 0o are defined (and equal to 0) if and only if z; = Im(z) > 0. In this case, the two terms cancel

out. Therefore,
1 [t

w(z) = e e dy/x

K2
1 +0o0 2
- —ug
(—iz)3/2 /\/—izK ‘ B

V—izK
- (—z’i)3/2 (g - /0 e_uzd“>

_ VTErcf(Ky/—iz)

2(—2'2)%

where the second line follows from a change of variable /—izy/x = u, the third from a standard
result f0+°o e du = \/7/2, and the fourth from the definition of the complex-valued complementary

error function, Ercf(-), with an expression given by

Ercf(z)=1- / — du, (C.68)
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for any complex number z. Then, taking the expectation operator inside the integral in (C.67) and
using the definition of the discounted characteristic function under risk-neutral measure as defined

in (27), we can rewrite the VIX call price as

1 12400

4ﬁ 12, —00

Ercf (K\/ —iz) p

CVIX(Xta 7, K) =
(—i2)}

e =298 ( —i2(0, ¢1 /12, d112)'s X, 7’) z, (C.69)

where the integration is performed on any a strip parallel to the real axis in the complex z plane
for which z; = I'm(z) > 0. Using integral variable substitution z = z — z;i, we obtain a numerically

implementable pricing formula as

Ercf(K+/z — xz)}dx

1 oo zi—xl)a Q .
1z L Bl ()0, ) Xe7) 0

(z; — i)

where we only need to take the real part of the complex-valued integrand because the VIX call price

is theoretically guaranteed to be real.

C.IX VIX Put Option Pricing

The generalized Fourier transform of the payoff function of a VIX put option (K — \/E)Jr is given by

+o00
w(z) = / (K — /)" dz
—o0
K? K2
= / e**Kdx —/ e\ /rdx
—00 0
2
K . K2 1 K .
— fezzz i \/Edezzm
1z T=—00 1z Jo
K 1 K2 1 [K*
— fezza: _ f\/}ezzx + = ezzxd\/g'
1z T=—00 1z =0 1Z Jo

Note we have applied a trick in the second line. We should have set both integral lower limits to
zero, but did not. The second line is equivalent to transforming a continuous payoff function equal
to K for all x < 0. If the first integral also had a lower limit of zero, then the payoff function we are
transforming is discontinuous at zero, i.e., it is equal to zero for all z < 0 and K for x = 0. This little
twist on payoff function has no economic consequence since VIX-squared in equilibrium is always

positive, but makes the transform for VIX put more compact. In the last line, we have used integral
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by parts. The function in the first term evaluated at —oo is defined (and equal to 0) if and only if

zi = Im(z) < 0. In this case, the first and second terms cancel out. Therefore,

~ o l K eiz:c T
O(z) = 1z /0 e
1 VEEK
_ _(_iz)gm/o o g, (C.71)
™ 1 ;
_ _g(_iz)w(l ~ Bref(KV=E2)),

where the second line follows from a change of variable /—iz\/x = wu, and the third from the
definition of the Ercf(-) function. To derive the VIX put pricing formula, we insert equation (C.71)
into (C.67), take the expectation operator inside the integral, and use the definition of the discounted

characteristic function under risk-neutral measure as defined in (27), which gives

1 12;+00

- 4ﬁ 12;—00

1 — Ercf(Kv/—iz)

(—iz)3/2

PVIX (Xt7 T, K) = eiizal/m Q?{ ( — iZ(O, C1/12, d1/12)/, Xt, T)

dz,

(C.72)
where the integration is performed on any a strip parallel to the real axis in the complex z plane
for which z; = I'm(z) < 0. Using integral variable substitution z = z — z;i, we obtain a numerically
implementable pricing formula as

1 — Ercf(K+/z; — xi)

3
2

—= Re [e(zi_xi)al/H o3 ((Zz — xi)(0, ¢1 /12, d1j12)", X, 7’)

vl ]da:, (C.73)

(z; — i)
where again we only need to take the real part of the complex-valued integrand because the VIX put

price is theoretically guaranteed to be real.

C.X Black-Scholes (1973) Implied Volatility

We are interested in the implied volatilities for SPX put options. The underlying asset of an SPX
put option is the SPX. Therefore, we should resort to the option pricing formula in Black and Scholes
(1973). Consistent with our SPX put pricing, we consider a normalized version of Black and Scholes
(1973). Specifically, consider an SPX put option with normalized strike K, and time to maturity 7.
Let the corresponding continuously compounded bond yield be r;(7) and dividend yield be ¢;. Under
the assumptions of Black and Scholes (1973), the normalized price of the SPX put option should be
given by

BSP(1,K,7,r(7),q1,0) = e "VTK . N(—dy) — e™%7 . N(—d,), (C.74)
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where N () is the standard normal cumulative distribution function and

g, — n/K) + m;i%_ @t /B (C.75)

dy = dy — o/ (C.76)

Then the model-implied implied volatility azmp = o"P(X,;, 7, K) should solve

PSPX(Xy, 1, K) = BSP(L, K, 7,14(7), g, 07"")
' | (C.77)
= BSP(1,K,1,r(X,7),q(Xy), 0" (X, 7, K)),

where PSPX (X, 7, K) is given by (C.62), r(X;,7) = —1In (Q?((O,Xt,T))/T by the definition of the
discounted characteristic function, and ¢(X;) = In(1+1/G(X;)) with the price-dividend ratio G(X;)
given by (28).

C.XI Black-76 Implied Volatility

We are also interested in the implied volatilities for VIX call options. The underlying asset of a
VIX option is not the VIX index, but instead a VIX futures contract with the same maturity as the
option. Therefore, we should resort to the futures option pricing formula in Black (1976). Specifically,
consider a VIX call option with strike K, time to maturity 7, and underlying price FtVIX (). Let
the corresponding continuously compounded bond yield be (7). Under the assumptions of Black

(1976), the price of the VIX call option should be given by2"
BO(FY™ (1), K, 7,14(1),0) = e T [FYIX (1) . N(d1) — K - N(do)], (C.78)

where N(-) is the standard normal cumulative distribution function and

In(FY1X(7)/K) + o%7/2
o\T
d2 = d1 — O‘\/7>'. (0.80)

dy = (C.79)

2"Note that no-arbitrage implies VIX; = e rt(NT pVIX (1) if the VIX spot-futures parity holds. In this case, the
Black (1976) formula reduces to the Black and Scholes (1973) formula.
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Then the model-implied implied volatility O'Zmp = o"P (X, 1, K) should solve

CVIX(Xy, 1, K) = BO(FYX (1), K, 7,r(7),0™) )
.81
= BC(FVX(X,,7),K,1,r(X;,7), 0" (X;, 7, K)),

where CVI¥X(Xy, 7, K) is given by (C.69), 7(X;,7) = —In (Q?((O,Xt,’T))/T by the definition of the

discounted characteristic function, and FVIX(X,, 1) is given by (C.54).

Appendix D. Additional Model Results

D.I Additional Model Moments

We report additional model moments. Table 5 in the body text shows that our model can replicate
the first and second-order moments of consumption and dividends. Panel A of Table D.1 further
compares higher-order moments of consumption and dividend growth rates in the model and the
data. As shown, the introduction of jumps in endowment volatility does not affect odd moments
of fundamentals. Both skewnesses are nearly zero simply due to conditional log-normality. Model-
implied kurtosis of consumption growth seems greater than that in the data - the presence of jumps
in volatility thickens the tail of consumption growth distribution. However, the difference between
model-implied and data kurtosis is statistically insignificant. Model-implied kurtosis of dividend
growth seems to undershoot its data counterpart - because of the presence of idiosyncratic Brownian
risk in dividend growth, jumps in volatility do not thicken the tail of dividend growth distribution

as much.

Panel B of Table D.1 compares moments of the conditional variance risk premium in the model
and the data. To ensure robustness, we define the conditional variance risk premium in two ways:
VRP, = Va?”?[lnptﬂ/m] — Varf[In Py j15], and VRP, = EP[QV;401/10) — EFIQV, 41/12], where
QViir1/12 = ttﬂ/ 12[d In P,d1n P, is the total quadratic variation of log market return between ¢
and t 4+ 1/12. Tt turns out our model does very well on this dimension, although we never explicitly

target the variance risk premium in our parameter calibration.

D.II Price-Dividend Ratio in a LRR-Augmented VIX Model

The shortcoming concerning the price-dividend ratio shown in Table 5 can be straightforwardly ad-

dressed by introducing long-run risks into our benchmark model without causing other moments to
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suffer. Following Bansal and Yaron (2004), we assume the conditional expected consumption growth
x¢ is a time-varying, persistent process, and keep all other aspects of our benchmark model unchanged.
Specifically, log consumption, expected consumption growth, consumption growth volatility, volatil-

ity jump arrival intensity, and log dividend are respectively given by

dInCy = (p+ x4 — ﬁ)dt + UtdBtC
dry = —k"24dt + 040¢dBY
do? = kY (0V — o?)dt + oy odB) + EydN; (D-1)
Ay = kN0 — \)dt + ox/ N\d B}

dIn Dy = ¢dIn C; + ppdt + opdBP,

where k% is a small number. In equilibrium, long-run productivity x; heavily drives the price-dividend
ratio, and thus a persistent x; process translates into a persistent price-dividend ratio. In order to
match the moments overall well, we recalibrate the parameters. For example, equity premium would
be excessively high if we introduce long-run risks without recalibrating other parameters. Table D.2
reports our recalibrated parameters. Compared with benchmark calibration, we have let risk aversion
be slightly lower and o2 be slightly less persistent. Table D.3 shows that introducing long-run risks
brings the volatility and autocorrelation of the log price-dividend ratio substantially closer to the
data, with none of the other moments severely compromised. It is worth noting that VIX still has a
two-factor (02, \;) representation even with long-run risks, since VIX in equilibrium reflects only the
effects of the higher-order moments of the fundamental. Figures D.1 and D.2 confirm that the new
set of parameters does not compromise our model’s main results: steady-state and low and high-VIX

conditional VIX option implied volatility curves.

D.IIT Return Predictability in the Benchmark Model

Table D.4 reports predictive regression results at both short and long horizons. Panel A shows that
our model generates sufficient excess return predictability by the log price-dividend ratio at relatively
short horizons, that is, less than two years. However, it undershoots this predictability at longer
horizons. Unsurprisingly, this is related to the fact that the log price-dividend ratio does not carry
sufficiently persistent information about the equity premium far into the future. Panel B shows that
our model implies little consumption growth predictability by the log price-dividend ratio across all

horizons, consistent with the data.
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Finally, Panel C confirms our model’s ability to generate sufficient excess return predictability
by the variance risk premium at relatively short horizons. The model-implied slope coefficients are
somehow higher than their data counterparts reported in Bollerslev, Tauchen, and Zhou (2009), but
closer to those reported in Drechsler and Yaron (2011) which re-estimate the variance risk premium
using S&P 500 futures data to replace cash index data. Our model-implied R?s are on par with the
data at short horizons, and slightly higher than the data at longer horizons.

D.IV Return Predictability in a Three-Factor VIX Model

The insufficient excess return predictability by the log price-dividend ratio at longer horizons (Table
D.4 Panel A) can be partially fixed in an extended three-factor model to include a slow-moving
component of the volatility process. Following Drechsler and Yaron (2011), we assume the long-run
average of variance without jumps 6; is a time-varying, persistent process, and keep all other aspects
of our benchmark model unchanged. Specifically, log consumption, consumption growth transitory
volatility, consumption growth long-run volatility, transitory volatility jump arrival intensity, and

log dividend are respectively given by

dinC; = (u — Uj)dt + 0,dB’
do? = &V (0; — o})dt + oy odB) + EydN;
do; = k% (0Y — 0,)dt + o+/0:dB? (D.2)
dhe = N0 — N\)dt + oy Nd B

dln D; = ¢dIn Cy + ppdt + opdBP,

where kg is a small number. In equilibrium, both the conditional equity premium and the price-
dividend ratio would be heavily driven by 6;, investors’ long-run volatility expectation. To the
extent 6; is persistent, the price-dividend ratio would possess long-term predictive power for excess
market returns. In order to match the moments overall well, we recalibrate the parameters, which
are reported in Table D.5. Table D.6 shows that the three-factor extension not only leaves all the
other moments unharmed, but also (partially) helps with the volatility and autocorrelation of the
log price-dividend ratio. Table D.7 Panel A shows that long-term return predictability by the log
price-dividend ratio is fixed to almost the same extent as in Drechsler and Yaron (2011). Panel
C further shows that high-frequency return predictability by the variance risk premium is nearly

unaffected.
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Importantly, this extension does not compromise the model’s ability to explain VIX options data.
Intuitively, although VIX now has a three-factor (6;, o2, \;) representation, it still loads in an impor-
tant way on the two relatively fast-moving factors, o and \;. Properties of VIX derivatives in our
benchmark model are thus maintained. Implied volatility curves in Figures D.3 and D.4 confirm this
point. Considering all these aspects, we think the three-factor model has better explanatory power
for low-frequency and high-frequency data overall.?® In contrast, our benchmark model provides the
most parsimonious framework to explain all the high-frequency VIX derivatives data. Finally, we
emphasize that all the various model extensions considered in Appendix D fall within the description

of our general model.

D.V Precise Definition of VIX

As shown in Martin (2011) and Schneider and Trojani (2019b), the precise definition of VIX-squared
implied by its option-replicating portfolio is given by

[P
VIX2=—2E|In Q”””] (D.3)
| B [P
— 9@l Pz < Pz 1)] (D.4)
= ¢ .
| B [Piy1/12] Iond [Pri1/12]
- » -
= —2EtQ 1th+¢ — (exp <1n t+1/12 ) )] (D.5)
L & [Pt+1/12} E [Pt+1/12
2 3 4
_ope| My Lz N 1 P ) 10 Bz
=2F; 2!<1nEQP > +3!<ln QP 4 In Qip + ...,
t [ t+1/12] [ t+1/12] t [ t+1/12]

(D.6)

where the second line follows from subtracting a zero-value term, the third an identity, and the fourth
a Taylor expansion of the exponential function around zero. Hence, VIX-squared involves the second
as well as all higher-order risk-neutral cumulants for log market return. The expression we use in

the body text (equation (32)) actually only picks up the second-order cumulant term.

Within our exponential affine framework, equation (D.3) can be computed under the help of the
risk-neutral cumulant generating function for log SPX (first term) and the undiscounted characteristic
function (second term). We find that VIX; = 1/0.0159 + 12.50407 + 0.0207\; under the original
definition, and VIX; = \/ 0.0154 + 12.29907 + 0.0185); under the precise definition. The precise

definition leads to three differences. First, VIX is smaller, because the possibility of volatility up-

Z8We thank an anonymous referee for suggesting the three-factor model specification.
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jumps, through the ”volatility feedback effect,” implies log market return is negatively skewed, i.e., a
negative third-order cumulant. Second, the loading on A; decreases the most, as conditional skewness
is governed mainly by the jump arrival intensity A;. Third, the changes in moments of VIX and VIX
option prices are negligibly small, as shown in Tables D.8 and D.9. That the third and higher-
order cumulant terms are much smaller than the second-order term is not surprising since our model
abstracts from jumps in consumption which can make log market return heavily negatively skewed

(Wachter (2013)).

D.VI Schneider and Trojani (2019)’s NCC

Schneider and Trojani (2019a) show that physical conditional moments of market returns can be
bounded below if certain NCC (negative covariance condition) is satisfied. Specifically, their Propo-

sition 3 shows that the inequality

EQ Rp-i-n
Ef[Ry] > 7tq[) L ] (D.7)
Ey Ry
holds if the following NCC(p, n) is satisfied for p € [0,1] and p+n > 1:
Cou[MrRY., R <0, (D.8)

where Rp is gross market return over [t, T, and Myp corresponding pricing kernel. Moreover, for each
n, the lower bound increases with p such that the tightest lower bound always obtains when p = 1.
In particular, for n = 1 and p = 1, the NCC reduces to Martin (2017)’s NCC, and the inequality

reduces to a lower bound for conditional equity premium:

Var®[Ry)

EPIR;) — Rsy >
¢ [RT] — Ry > Ry

(D.9)

We derive the parameter space (7, ¢) such that an instantaneous (7" = t+dt) version of Schneider
and Trojani (2019a)’s NCC for all n > 1 and p = 1 is satisfied in any state of our model, fixing all
the other parameters at their calibrated values. We do so because, as we analyze shortly, v and ¢

are two key parameters that affect the NCC. We want

d dP; + D,—dt dP; + D,_dt n
Cov, (ﬂ n 1) (ﬁit " 1)’ (ﬁit I 1) <0 (D.10)
Ty— Pt_ Pt_
d’/Tt dPt d’]Tt dPt dPt
s C ———t+ —+ — n—1 <0 D.11
ou m- P-  m- P ,nPt_ n ( )
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& Covy| (= MdB; + (™ = 1)aN: ) (0pdBr + [ — 1]dN; ) = AdBy + (€€ — 1)dN,

+ 0By + [e91Y — 1]dNy, 0'p,d By + [e%1 — 1]dNt] <0 (D.12)
& Cov|(opt — A)dBy + [e(b2+9f)5" - 1] dNy, aﬁztdBt + [egff‘/ - 1] dNt] <0 (D.13)
& [(@0=o+ b2+ gDgiot|o? (D.14)

1 1 1
L—pe(b2 +297) 1—pelba+g7) 11— pegi

+ [(bs + g3)g30% + +1x<o (DY)
where the second line obtains because: first, we can discard the term D;- /P,—dt (which eventually
surely generates higher-order terms than dt); second, we can then discard all the second and higher-
order terms of dP,- /P,- in the binomial expansion whose values are negligible compared with the
first-order term when dt is small. This means for short horizons NCCs are essentially the same for
all n > 1,p = 1. The third and fourth lines follow from equations (C.14), (C.33) and (33), the fifth
from some algebra and removing higher-order terms than dt, and the sixth and seventh from some
algebra, removing higher-order terms than dt, and equations (C.15) and (C.32). In order for the last
inequality to hold regardless of o7 and \;, both premultiplying terms have to be non-positive. This

leads to the parameter space shown in Figure D.5.

We find Schneider and Trojani (2019a)’s NCC holds as long as vy exceeds ¢ by a small margin.
This is of course true under our current calibration (y = 14, ¢ = 2.7). Intuitively, NCC is a condition
that requires the product of the pricing kernel and market return, M7 Rp, and market return, Rp,
being negatively correlated. In the model, state shocks drive the movements in Mr and Rr. On the
one hand, increasing 7 has two effects: first, it increases (absolute) market prices of risks be and bs,
the pricing kernel’s exposure to state shocks; second, it increases market index return’s (absolute)
exposure to state shocks, |g7| and |g5]. On the other, increasing ¢ only increases market index
return’s exposure to state shocks, |¢g7| and |g3], but does not affect the pricing kernel. Thus, when
¢ is high, the correlation tends to be dominated by the movement in Ry and tends to be positive.
When ~ is high, the correlation tends to be shaped by the negative correlation between M and
R7 and tends to be negative. Example 4a of Martin (2017) derives the NCC in a dividend-based
(implicitly ¢ = 1) equilibrium asset pricing model with Epstein-Zin recursive preferences with ¢ > 1:
v > 1. So our NCC in an otherwise identical but more general consumption-based model, v > ¢,
is consistent with Martin (2017)’s result. Martin (2017) and Schneider and Trojani (2019a) suggest
that in structural models the NCC is sensitive to preference parameters. We show that, in addition,

the stock market leverage parameter is also important.
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Table D.1: Additional Model Moments

The table reports additional model moments. Panel A reports higher-order moments of log consumption
growth and log dividend growth, both in the benchmark model and the data. We use real consumption and
dividend data, which both are from 1930 to 2020. Panel B reports moments of conditional variance risk
premium, both in the benchmark model and the data. We define the conditional variance risk premium in
two ways. The first set of numbers are based on the definition: VRP;, = Varg"2 I Pyy/12] — Varf[ln Piy1/12)-

The second set of numbers are based on the definition: VRP, = EtQ [QVi41/12] — Ef[QW7t+1/12]7 where

QVitti1/12 = :+1/12 [d1n P, d1n P]; is the total quadratic variation of log market return between ¢t and ¢t+1/12.
Variance risk premium data moments are from Drechsler and Yaron (2011), Table 3 last column. The variance
risk premium is monthly in basis points. The model-implied moments are the 5%, 50%, and 95% quantile

values from 1,000 simulations with the same length as the data sample.

Model U.S. Data Data Source
5% 50% 95%

Panel A: higher-order fundamental

skewness(Ac¢;)  -2.19  -0.10 1.80 -1.08 BEA Table
kurtosis(Ac;) 4.66 7.55 17.31 4.84 BEA Table
skewness(Ad;)  -1.00  -0.02 0.84 -0.88 CRSP
kurtosis(Ady) 2.72 3.96 8.24 8.67 CRSP

Panel B: variance risk premium

mean 9.04 10.68 13.35 11.27 DY2011
std. dev. 4.64 6.73 10.83 7.61 DY2011
median 7.69 8.75 10.35 8.92 DY2011
min 2.88 3.07 3.36 3.27 DY2011
skewness 1.14 1.80 3.03 2.39 DY2011
kurtosis 3.96 6.99 15.69 12.03 DY2011
AC(1) 0.39 0.61 0.80 0.65 DY2011
mean 6.28 7.00 7.83 11.27 DY2011
std. dev. 2.81 3.44 4.33 7.61 DY2011
median 5.51 6.12 6.92 8.92 DY2011
min 2.28 2.40 2.60 3.27 DY2011
skewness 0.89 1.34 2.07 2.39 DY2011
kurtosis 3.34 5.15 9.66 12.03 DY2011
AC(1) 0.29 0.46 0.62 0.65 DY2011
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Table D.2: Parameters for the LRR-Augmented VIX Model

The table reports parameter values for the extended VIX model with long-run risks. The processes for log
consumption, expected consumption growth, consumption growth volatility, volatility jump arrival intensity,
and log dividend are respectively given by

2
dInCy = (p + ¢ — %’f)dt + 0,dBE
dxt = —le'tdt + azatdBtw
do? = kV(0V — 02)dt + oyodB) + EydN,
dh; = M0 — \)dt + ox\/\dB}
din Dy = ¢dIn Cy + ppdt + opdBP

where NV; is a Poisson process with instantaneous arrival intensity A, and the jump size &y is exponentially
distributed with mean pe. The representative agent has recursive utility given by

Vi = E, / F(Ca Va)ds
t

FCV)=B1=7)V(InC — — 5 In((1 =7)V)).

In equilibrium, VIX has a two-factor representation: VIX, = \/a1/12 + 01/1203 +di12M

Parameters values are interpreted in annual terms.

Rate of time preference 3 0.01
Relative risk aversion ~y 11
Average growth in consumption p 0.025
Mean reversion of expected consumption growth x* 0.16
Diffusion scale parameter of expected consumption growth o, 0.3
Mean reversion of volatility " 4
Average consumption growth variance without jumps 8V 0.0005
Diffusion scale parameter of consumption growth volatility oy 0.14
Average volatility jump size pe 0.003
Mean reversion of jump arrival intensity x* 10
Average jump arrival intensity 6* 0.8
Diffusion scale parameter of jump arrival intensity oy 3
Stock market leverage ¢ 2.5
Adjustment in dividend growth drift up 0.00
Idiosyncratic risk in dividend growth op 0.11
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Table D.3: Selected Moments in the LRR-Augmented VIX Model

The table reports a list of moments in the extended VIX model with long-run risks and their counterparts in
the U.S. data. The model is simulated at a monthly frequency (dt=1/12) for 100,000 months and simulated
data are then aggregated to an annual frequency. All the moments in the first panel are on an annual
basis. Ac denotes log consumption growth rate, Ad log dividend growth rate, pd log price-dividend ratio,
r¢ log return on the dividend claim, and r{ yield on one-year riskless bond. All the moments in the second
panel are on a monthly basis, but the two variables VIX; (risk-neutral one-month log equity return volatility
index) and imp_ vol; (Black-76 implied volatility for one-month ATM VIX option) are themselves annualized.
POV (r=1/12) (PY"¥(7=1/12)) denotes net holding-period return on one-month ATM VIX call (put) option.

Model U.S. Data Data Source

E[A(] 2.39 1.80 BY2004
o(Ac) 3.13 2.93 BY2004
ACy(Ac) 0.44 0.49 BY2004
E[Ad] 5.99 4.61 CRSP
o(Ad) 11.90 11.49 BY2004
AC,(Ad) 0.33 0.21 BY2004
corr(Ac, Ad) 0.67 0.59 DY2011
Elexp(pd)] 19.05 26.56 BY2004
o(pd) 15.73 29.00 BY2004
AC (pd) 0.65 0.81 BY2004
Elre — 1] 9.36 8.33 Ken French
o (rf) 17.51 18.31 CRSP
E[r]] 1.10 0.86 BY2004
o(rl) 1.92 0.97 BY2004
E[VIX,] 18.70 19.28 CBOE
o(VIX,) 6.00 7.42 CBOE
ACL(VIX,) 0.72 0.84 CBOE
Elimp_voly] 70.25 68.80 CBOE
o(imp_voly) 12.57 14.30 CBOE
AC (imp_wvoly) 0.48 0.53 CBOE
corr(VIXy,imp_voly) 0.50 0.48 CBOE
E[rC¢"" (r=1/12)] -0.23 -0.48 CBOE
B[PV (r=1/12)] 0.09 0.21 CBOE
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Table D.4: Predictive Regressions in the Benchmark VIX Model

This table reports R? and slope coefficients from regressing cumulative excess market returns onto lagged
log price-dividend ratio and lagged variance risk premium and regressing consumption growth onto lagged
log price-dividend ratio, using data from simulating the benchmark model over 100,000 months. The time-
t conditional variance risk premium is calculated as: VRP, = Var®[ln Pii112) — Varf[In Py /12]. Data
regression results are also reported. Data in Panels A and B are from Wachter (2013). Data in Panel C are
from Bollerslev, Tauchen, and Zhou (2009); numbers in parentheses in Panel C are from Drechsler and Yaron
(2011). In Panel C’s regressions, all numbers follow Drechsler and Yaron (2011)’s data measures: returns are
annualized in percentage, and variance risk premiums are monthly in basis points.

Panel A: Zthl(r7n,t+h - Tf,t-l—h) =a+ 51 (Pt - dt) + Et+H

Horizon 1Y 2Y 4Y 6Y 8Y 10Y
Model

51 -1.07 -1.19 -1.24 -1.27 -1.27 -1.29

R? 0.11 0.07 0.04 0.03 0.02 0.02
Data

51 -0.13 -0.23 -0.33 -0.48 -0.64 -0.86

R? 0.09 0.17 0.23 0.30 0.38 0.43

Panel B: Z}Ile ACt_;,_h =+ ﬂl (pt - dt) + Et+H

Horizon 1Y 2Y 4Y 6Y 8Y 10Y
Model

51 0.01 0.00 -0.01 -0.02 -0.03 -0.02

R? 0.00 0.00 0.00 0.00 0.00 0.00
Data

51 -0.00 -0.01 -0.01 -0.01 -0.02 -0.01

R? 0.00 0.01 0.02 0.02 0.03 0.02

Panel C: % Zf:1(rm,t+h — Tf,t+h) =a+ 1 VRP + e+

Horizon 1M 2M 3M 6M IM 12M
Model

51 1.52 1.37 1.26 0.97 0.76 0.61

R2 0.03 0.06 0.07 0.09 0.09 0.08
Data

051 0.47 0.70 0.56 0.36 0.20 0.14

51 (0.76) (1.26) (0.86)

R? 0.01 0.07 0.07 0.05 0.02 0.01

R? (0.02) (0.04) (0.06)
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Table D.5: Parameters for the Three-Factor VIX Model

The table reports parameter values for the extended three-factor VIX model. The processes for log consump-
tion, consumption growth transitory volatility, consumption growth long-run volatility, transitory volatility
jump arrival intensity, and log dividend are respectively given by

dInCy = ( — %t)dt + 01dBE

2

do? = kY (0, — o})dt + ovodB) + EydN,
do, = k%(0Y — 0,)dt + og+/0:dB?
A\ = K0 = \)dt + ox/\dB)
dinD; = ¢pdIn Cy + ppdt + opdBP,

where N; is a Poisson process with instantaneous arrival intensity \;, and the jump size £y is exponentially
distributed with mean pe. The representative agent has recursive utility given by

v, — Et/ F(Co, Va)ds
t

fCV)=B(1=7)V(InC -

= (1= )V)),

In equilibrium, VIX has a three-factor representation: VIX,; = \/a1/12 + b1/120't2 +c1/1208 + dij12A-

Parameters values are interpreted in annual terms.

Rate of time preference g

Relative risk aversion y

Average growth in consumption p

Mean reversion of transitory volatility x"

Diffusion scale parameter of transitory volatility oy
Average transitory volatility jump size p¢

Mean reversion of long-run volatility ’

Average long-run volatility 6"

Diffusion scale parameter of jump arrival intensity oy
Mean reversion of jump arrival intensity x*

Average jump arrival intensity 6*

Diffusion scale parameter of jump arrival intensity oy
Stock market leverage ¢

Adjustment in dividend growth drift pup
Idiosyncratic risk in dividend growth op

0.01
17
0.03
3.4
0.17
0.004
0.6
0.0004
0.03
10
0.5

-0.02
0.1
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Table D.6: Selected Moments in the Three-Factor VIX Model

The table reports a list of moments in the three-factor VIX model and their counterparts in the U.S. data.
The model is simulated at a monthly frequency (dt=1/12) for 100,000 months and simulated data are then
aggregated to an annual frequency. All the moments in the first panel are on an annual basis. Ac denotes log
consumption growth rate, Ad log dividend growth rate, pd log price-dividend ratio, r§ log return on the divi-
dend claim, and r{ yield on one-year riskless bond. All the moments in the second panel are on a monthly basis,
but the two variables VIX; (risk-neutral one-month log equity return volatility index) and imp_ vol; (Black-76
implied volatility for one-month ATM VIX option) are themselves annualized. pCV ¥ (r=1/12) (TPVIX(T:UIQ))
denotes net holding-period return on one-month ATM VIX call (put) option.

Model U.S. Data Data Source

E[A(] 2.91 1.80 BY2004
o(Ac) 2.63 2.93 BY2004
ACy(Ac) 0.25 0.49 BY2004
E[Ad] 6.73 4.61 CRSP
o(Ad) 11.44 11.49 BY2004
ACy(Ad) 0.25 0.21 BY2004
corr(Ac, Ad) 0.68 0.59 DY2011
Elexp(pd)] 23.44 26.56 BY2004
o (pd) 11.68 29.00 BY2004
ACy (pd) 0.27 0.81 BY2004
Elre —r{] 8.97 8.33 Ken French
o (rf) 18.32 18.31 CRSP
E[r]] 0.84 0.86 BY2004
o(r]) 2.34 0.97 BY2004
E[VIX;) 18.92 19.28 CBOE
o(VIXy) 7.48 7.42 CBOE
ACL(VIX,) 0.80 0.84 CBOE
Elimp_voly] 67.81 68.80 CBOE
o(imp_wvoly) 17.30 14.30 CBOE
AC, (imp_voly) 0.55 0.53 CBOE
corr(VIXy,imp_vol) 0.39 0.48 CBOE
E[rC" " (r=1/12)] -0.21 -0.48 CBOE
E[rP" 7 (r=1/12)] 0.08 0.21 CBOE
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Table D.7: Predictive Regressions in the Three-Factor VIX Model

This table reports R? and slope coefficients from regressing cumulative excess market returns onto lagged
log price-dividend ratio and lagged variance risk premium and regressing consumption growth onto lagged
log price-dividend ratio, using data from simulating the three-factor model over 100,000 months. The time-
t conditional variance risk premium is calculated as: VRP, = Var®[ln Pii112) — Varf[In Py /12]. Data
regression results are also reported. Data in Panels A and B are from Wachter (2013). Data in Panel C are
from Bollerslev, Tauchen, and Zhou (2009); numbers in parentheses in Panel C are from Drechsler and Yaron
(2011). In Panel C’s regressions, all numbers follow Drechsler and Yaron (2011)’s data measures: returns are
annualized in percentage, and variance risk premiums are monthly in basis points.

Panel A: Zthl(r7n,,t+h —Tfign) =+ Pi(pe — di) + €41

Horizon 1Y 2Y 4Y 6Y 8Y 10Y
Model

51 -0.63 -0.90 -1.18 -1.27 -1.32 -1.38

R? 0.11 0.12 0.11 0.09 0.07 0.06
Data

51 -0.13 -0.23 -0.33 -0.48 -0.64 -0.86

R? 0.09 0.17 0.23 0.30 0.38 0.43

Panel B: 2}1;121 ACt_;,_h =+ ﬂl (pt - dt) + Et+H

Horizon 1Y 2Y 4Y 6Y 8Y 10Y
Model

51 0.00 0.00 -0.00 -0.01 -0.02 -0.03

R? 0.00 0.00 0.00 0.00 0.00 0.00
Data

51 -0.00 -0.01 -0.01 -0.01 -0.02 -0.01

R? 0.00 0.01 0.02 0.02 0.03 0.02

Panel C: % Zf:1(rm,t+h — Tf,t+h) =a+ 1 VRP + e+

Horizon 1M 2M 3M 6M IM 12M
Model

51 1.49 1.33 1.19 0.89 0.64 0.55

R? 0.03 0.05 0.06 0.07 0.06 0.06
Data

051 0.47 0.70 0.56 0.36 0.20 0.14

51 (0.76) (1.26) (0.86)

R? 0.01 0.07 0.07 0.05 0.02 0.01

R? (0.02) (0.04) (0.06)
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Table D.8: Precise Definition of VIX: I

The table reports a list of moments of VIX and VIX options in the benchmark model and their counterparts
in the U.S. data. Column "Precise VIX” contains moments with VIX calculated using the precise definition
given in equation (D.3). Column ”Original VIX” contains moments with VIX calculated using the original
definition given in equation (32). émp_wvol; denotes Black-76 implied volatility for one-month ATM VIX
option. POV (r=1/12) (TPVIX(T:1/12))
option, and so on.

denotes net holding-period return on one-month ATM VIX call (put)

Precise VIX Original VIX U.S. Data Data Source

E[VIX, 19.04 19.41 19.28 CBOE
o(VIXy) 7.53 7.51 7.42 CBOE
ACL(VIX,) 0.80 0.80 0.84 CBOE
Elimp_vol) 71.81 71.84 68.80 CBOE
o(imp_wvoly) 13.43 12.64 14.30 CBOE
AC (imp_voly) 0.50 0.49 0.53 CBOE
corr(VIXy,imp_voly) 0.34 0.32 0.48 CBOE
E[rC" " (r=1/12)] -0.25 -0.24 -0.48 CBOE
E[pCY ¥ (r=6/12)] -0.54 -0.53 -0.59 CBOE
E[rP" " (r=1/12)) 0.06 0.06 0.21 CBOE
E[rP" " (7=6/12)) 0.16 0.16 -0.02 CBOE
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Table D.9: Precise Definition of VIX: II

The table reports the average (annualized) Black-76 implied volatilities for VIX options by maturity and strike
in the benchmark model, with VIX calculated using the precise definition given in equation (D.3). Comparison
with Table 1 right panel in the body text shows that the difference in the entire implied volatility surface is
quantitatively very small.

Maturity (months)

1 2 3 6

Strike

12 0.66 0.59 0.56 0.55
14 0.63 0.54 0.51 0.47
16 0.72 0.63 0.59 0.51
18 0.81 0.72 0.67 0.58
20 0.91 0.80 0.74 0.63
22 1.00 0.87 0.79 0.67
24 1.08 0.92 0.83 0.69
26 1.14 0.96 0.87 0.71
28 1.20 0.99 0.89 0.72
30 1.24 1.02 0.91 0.73
32 1.27 1.04 0.92 0.74
34 1.30 1.05 0.93 0.74
36 1.33 1.06 0.93 0.74
38 1.35 1.07 0.93 0.74
40 1.36 1.07 0.93 0.73
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Black' 76 implied volatilities for VIX options, with LRR
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Figure D.1: Black-76 implied volatility curves for VIX options in the LRR-augmented
VIX model. This figure plots (annualized) implied volatility curves for VIX options in the LRR-
augmented VIX model at steady state. The horizontal axis denotes the absolute value of the strike.
Implied volatilities are computed for VIX options with four maturities: 1, 2, 3, and 6 month.
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Black' 76 implied volatilities for VIX options, with LRR
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Figure D.2: Black-76 implied volatility curves for VIX options in the LRR-augmented
VIX model: conditional analysis. The figure plots (annualized) implied volatility curves for VIX
options in the LRR-augmented VIX model, conditional on high and low initial VIX. In the upper
case, we set both state variables very high: o? = 1002, and \; = 10\, implying a very high VIX,
49.3. In the lower case, we set both state variables at minimum values: o7 = \; = 0, implying a

small value of VIX, 12.8.
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Black' 76 implied volatilities for VIX options, 3-factor model
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Figure D.3: Black-76 implied volatility curves for VIX options in the three-factor model.
This figure plots (annualized) implied volatility curves for VIX options in the three-factor VIX model
at steady state. The horizontal axis denotes the absolute value of the strike. Implied volatilities are
computed for VIX options with four maturities: 1, 2, 3, and 6 month.
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Black' 76 implied volatilities for VIX options, 3-factor model
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16 Black' 76 implied volatilities for VIX options, 3-factor model
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Figure D.4: Black-76 implied volatility curves for VIX options in the three-factor model:
conditional analysis. The figure plots (annualized) implied volatility curves for VIX options in
three-factor VIX model, conditional on high and low initial VIX. In the upper case, we set all state
variables very high: o? = 1002, §; = 100, and \; = 10\, implying a very high VIX, 54.9. In the
lower case, we set all state variables at minimum values: o? = §; = \; = 0, implying a small value of

VIX, 11.4.
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I NCC does not hold
I NCC holds

Figure D.5: Parameter space that satisfies Schneider and Trojani (2019)’s NCC. This
figure plots the parameter space (7, ¢) such that Schneider and Trojani (2019)’s NCC (n > 1,p=1)
holds and does not hold in the model. All the other parameters are fixed at values in the baseline
calibration.
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